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Chapter 1

Introduction: Mesoscopic systems and

fabrication of devices

Traditionally all systems accessible in nature, are divided into two distinct categories, macroscopic
and microscopic [1], depending on the dimension of the system. In a layman language, if the dimen-
sion of the system is large enough so that it is visible with bare eyes, then the system is macroscopic;
but if we can’t see the system directly, then it is a microscopic system. The governing principles of
phenomena occurring in two domains, i.e. macroscopic and microscopic, are quite distinct. The for-
mer category follows deterministic classical mechanics and the later category follows indeterministic
quantum mechanics.

The statics and kinetics in macroscopic systems has been completely described by classical or
Newtonian mechanics. For example, given an initial position of a particle with a velocity at a certain
time, any succeeding states at later times can be readily computed along a distinguishable particle
trajectory. This picture, however, turned out to be an inadequate eye to examine properties and be-
haviours of individual and aggregates of constituents at the atomic and subatomic levels. To perceive
correct understanding of phenomena in such environment is beyond the range of classical physics,
requiring alternative thinking to replace deterministic reduction of systems.

A tremendous insight has been gained in early twentieth century by brilliant scientists who suc-

cessfully and beautifully established theoretical framework of quantum physics. Quantum physics



describes statics and kinetics in microscopic world by introducing the description of wave function as
a solution to Schrodinger equation [2] to incorporate the intrinsic particle-like and wave-like nature
of quantum entities. Furthermore, quantum world exhibits substantial characteristics: duality of wave
and particle [3], indistinguishability [4], quantization [5], Heisenberg uncertainty principle [3, 6], fi-
nite zero-point energy [5,7], and quantum entanglement [8]. The duality features coherence in the
dynamics of quantum particles in quantum world, linking to correlation effects in systems. Quantum
particles in the coherent state have a well defined energy and a well-defined phase configuration.

In Greek terminology, ‘meso’ means intermediate, the term ‘mesoscopic’ [9-15] was coined in
the early 1980s. Mesoscopic systems have dimensions intermediate between macroscopic world of
bulk materials and microscopic world of atoms and molecules. Mesoscopic physics is a wide branch
of condensed matter physics, which bridge the gap between macroscopic systems and microscopic
systems. Condensed matter physics is a significant branch of physics which deals mostly with phe-
nomena occurring in solids, for example, optical, thermal, mechanical, magnetic, etc. properties.
The systems mostly considered in condensed matter physics, consists of many building blocks or
unit cells, or atoms. These unit cells arrange themselves in perfect order to form a perfect lattice or
arrange themselves in random order to form an imperfect lattice. In both these cases, only bulk prop-
erty of the system is known. Both macroscopic and mesoscopic systems comprises of large number
of atoms, then the question arises is, how to distinguish them? The first difference is, for macroscopic
systems, the average of the constituent particles is significant, in the contrary, for mesoscopic systems
the fluctuations around the average becomes significant. Another difference is, macroscopic systems
most vividly obeys laws of classical mechanics, whereas mesoscopic systems obeys laws of quantum
mechanics.

Now the question is there is wide dimensional gap between the macroscopic and microscopic
systems, then as the definition implies, is there no limitation to the dimensions of mesoscopic sys-
tems? Yes there is. The limit where quantum effects become important has been given the name
of mesoscopic physics. Carrier transport in this limit exhibits both particle and wave characteristics.
The dimensions whether macroscopic or microscopic depends on certain length scales [16,17]. These

scales are :
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1. The de-Broglie wavelength (1) : This is the length of the electron wave related to momentum

of the electrons.

2. Mean free path (L,,) : The length after which initial momentum is changed or distance between

two collisions.
3. Phase Coherence length (Ly) : The length scale over which the wave moves coherently.

A detailed description of these length scales will be covered later on, in this chapter. The systems
whose dimensions are less than these length scales are characterised under microscopic systems,
while the others with dimensions greater than these length scales are characterised under macroscopic
systems. Before going into details of these length scales, we would like to introduce the heterostruc-
ture two dimensional electron gas (2-DEG), a device widely used in mesoscopic and semiconductor
industries.

Since the 1980s, the semiconductor technology has reached a level of sophistication that allows
for the fabrication of heterostructure with length scales in the mesoscopic regime, meaning that the
length scales of the structure are below the characteristic scattering lengths of the carriers such that
coherent quantum transport effects are observed. Since these length scales generally depend very
strongly on the material, the temperature, and the applied electric or magnetic fields the structural
dimensions may vary between a few nanometres and a micrometer. One way of reaching the meso-
scopic regime without the use of nano-fabrication techniques is to reduce the scattering rates and thus
enhance the characteristic length scales up to the micrometer range. Therefore, one of the key struc-
tures that first enabled quantum transport experiments is the 2-DEG that forms at the interface of an

undoped (or intrinsic) GaAs substrate and a doped (or extrinsic) A/GaAs barrier.

1.1 Two dimensional electron gas

A two dimensional electron gas (2-DEG) [16-18] can be artificially created by strong confinement in
one direction (conventionally called the transverse direction or the z-direction) of an ordinary electron
gas found in a semiconductor. Say for example two semiconductor layers, or semiconductor-insulator

layers are brought in contact to each other. Then due to energy gap, there is charge transfer between
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Figure 1.1 Formation of 2-DEG. a) Upper: GaAlAs and GaAs heterojunction, blue region
for GaAlAs and red region for GaAs. GaAlAs is doped with positively charged ions (yellow
coloured big dots), and hence electrons (shown by block dots) are large in number and holes
(shown by white dots) are very few in number, while GaAs is undoped hence the number
of electrons and holes are equal. The axes define the three spatial directions. Lower: Band
structure of GaAlAs and GaAs, before charge transfer. (b) Band structure after they have
been brought into contact, i.e after charge transfer. (c) The magnified view of the well
formed at the interface (in the GaAs side) shown by the red region, where the Fermi level is
within the conduction band. This well is 2-DEG, which is formed at the GaAs side.
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the two layers, which gives rise to a electrostatic potential that causes the bands to bend at the interface
and a formation of narrow well at the interface. Due to confinement in the transverse direction in the
well, transverse modes are formed, which participate in electron conduction. When the energy band
separation is much larger than the thermal energy kg7, only the lowest energy band will be relevant
for conduction, and the electron gas in the well effectively behaves like a two-dimensional conductor.

In most of the experiments on mesoscopic systems, heterojunctions of III-V semiconductors such
as GaAs/GaAlAs' are used, where 2-DEG is formed at the interface of intrinsic semiconductor i —
GaAs and extrinsic semiconductor n — GaAlAs. The reason behind using these semiconductors, is
their similar lattice constants and the coefficient of expansion. This reduces boundary scattering
and leads to a dramatic increase in the mobility of the 2-DEG. To understand properly how this
2-DEG is formed at the interface of GaAs and GaAlAs, let us consider the band diagram of the two
semiconductors. The formation of 2-DEG is illustrated in Fig. 1.1. In n-type extrinsic semiconductor,
the semiconductor is doped with positively charged ions (commonly called donors), hence electrons
are majority carriers and holes are minority carriers, and in intrinsic semiconductors the number of
electrons and holes are equal. The band diagram? before charge transfer is exemplified in Fig. 1.1(a).
For GaAlAs, the Fermi energy Er lies closer to the conduction band E¢, and for GaAs the Fermi
energy is intermediate between conduction band E¢ and valence band Ey, the conduction band is
higher for GaAlAs than GaAs. When the two semiconductors are brought in contact to each other, the
electrons move from higher density region (i.e. GaAlAs) to lower density region (i.e. GaAs), leaving
behind positive dopant ions which causes electrostatic energy to build up at the interface. Eventually,
the electrostatic energy is so large, that electrons can no longer cross over to the other side, and the
system reaches equilibrium. This new charge distribution or charge transfer results in bending of
bands at the interface (Fig. 1.1(b)). Which further results in a single Fermi level throughout the

band. The conduction band now develops a narrow well at the interface (shown in Fig. 1.1(c) by

'GaAlAs is an alloy of GaAs and AlAs and has a zincblende crystal structure. The actual formula is Ga;_ Al As, where

x is integer between 0 and 1.
ZWhen atoms organise into the periodic structures found in crystalline solid [19, 20], the atomic energy levels merge

into bands where closely spaced energy levels are associated with different momenta. The number of energy levels in each

band is proportional to the number of atoms in the lattice.
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Figure 1.2 In the presence of an electric field, the electrons acquire a drift velocity super-
posed on their random motion.

the red region), where the Fermi energy is inside the well. Within this narrow well the electrons are
confined in a direction normal to the interface (z direction), but free to move along the interface (x,y
directions), and hence this well serves as a 2-DEG.

The carrier concentration in a 2-DEG typically ranges from 2 x 10! /em? to 2 x 10'2 /cm?. 2-
DEG is widely used as a FET (Field effect transistor), MODFET (Modulation doped FET), HEMT
(High electron mobility transistor). The quantum mechanical motion of electrons in 2-DEG allows
the investigation of various coherent quantum phenomena, like quantum Hall effect [21], Coulomb

blockage [22] and conductance quantization [23,24].

1.1.1 Mobility

As stated in the previous section of 2-DEG, what makes it special in miniaturization industry is its
extremely low mobility. Then let us briefly explain the meaning of mobility [16]. In equilibrium, the
conduction electrons move here and there randomly in all directions, with an effective zero current.
If an electric field E is applied, then the electrons are drifted in the direction opposite to the field with
drift velocity v;, as shown in Fig. 1.2. At steady state, the rate at which they lose momentum p due to
scattering forces is equal to the rate at which the electrons receive momentum from the external field,

i.e.,

dp
dt

:[dp

:| scattering dt :| field
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Hence,
meyvg — E
Tm
T,
vy = Smp (1.1)
me

where, m, is effective mass> of electron and 7, is momentum relaxation time. The mobility is defined

as the ratio of the drift velocity to the electric field,

V4 [
d_Tm 1.2
E " m, (1.2)

‘LL =
In 2-DEG, the carrier concentrations of 10'2/cm? have been obtained in a layer of thickness 100A
with mobilities of 10%cm?/Vs. The reason is the spatial separation between the donor atoms in

GaAlAs layer and the conduction electrons in the GaAs layer. This reduces the scattering cross section

due to the impurities which leads to weaker scattering.

1.2 Important length scales

In mesoscopic systems, a number of different length scales come into play. These different length
scales are associated with different processes, and determine the types of interference that can be

observed in quantum transport measurements.

1.2.1 de Broglie wavelength

The length between two maxima or minima of the interference pattern gives the measure of wave-
length. An example is shown in Fig. 1.3(a). de Broglie wavelength A is the shortest length scale and

is related to momentum p by,

h
A=— 1.3)
4
3Effective mass m, is given by %, where E (k) is the energy of electron. m, is generally different from the real mass

K2
my =9.11 x 10731kg. It can be both positive and negative depending on the sign of %. For electrons m, is positive and

for holes it is negative.
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Figure 1.3 Few length scales shown in reference to section 1.2. (a) de Broglie wave length.
(b) Fermi sphere of radius kr, the electrons within the shaded region participate in conduc-
tion.

where, h = 6.63 x 1073*Js is the Planck’s constant. Another form of the de Broglie equation is the

connection between momentum p and wave vector k,
p =k (1.4)

where /i = % is reduced Planck’s constant. The origin of this length scale is the hypothesis of Louis
de Broglie [3] in the year 1924 in his thesis, where it was proposed that as light has both wave and
particle property, electron which is a particle is also associated with a wave called matter wave having
wavelength A. The existence of matter waves for electrons was first experimentally observed by
Davisson and Germer [25] in 1927. The relationship is now known to hold for all types of matter: all
matter exhibits properties of both particles and waves. de Broglie’s extension of the concept of wave-
particle duality for light (photons) to matter (electrons), further helped in interpreting the electrons as

standing wave in Bohr model [26].

1.2.2 Fermi wavelength

Electrons are not particles only having charge but also spin one-half. Thus they are subject to Pauli-
exclusion principle [5], following which no two electrons can be placed in the same energy level.

Consequently, electrons are places in different states, the first one in the lowest energy state, the next
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Figure 1.4 Scattering of electrons. (a) Elastic scattering occurring at localised, time in-
dependent scattering centres, like impurities and walls. (b) Inelastic scattering processes
via time dependent mechanisms such as lattice vibrations or phonons and electron-electron
interactions.

in the next higher energy state, and so on. With all the electrons placed in different states, the last
electron is placed at the highest energy state of the system, which is called Fermi energy Er. In this

energy state, the electrons have de-Broglie wavelength Ar,

hoo2
Ap= = (1.5)
PF kr

where, pr and kr are Fermi momentum and Fermi wave vector. For electron conduction, only elec-
trons in the vicinity of Fermi state with energy Er, will participate. In Fig. 1.3(b) the Fermi sphere
is shown where the region of electrons participating in conduction is shown by the shaded region.
Electrons away from the Fermi level, have much longer wavelengths. A is the smallest length scale
in mesoscopic systems. It varies from few A (1 A= 10~ '%) in metals to a few hundred A (10nm) in

2-DEG hetero-junctions.

1.2.3 Mean free path

In mesoscopic systems or conductor, there are free electrons which moves freely here and there, as if

they are in vacuum. Any hindrance such as lattice vibrations (phonons), impurities, grain boundaries
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leads to collisions with electrons. Due to collision electrons gets scattered from one state to another,
thereby changing their momentum. Depending on whether the scattering is elastic or inelastic the
energy and momentum of the electrons changes. The elastic and inelastic scattering [27] of electrons
is represented in Fig. 1.4. Elastic scattering changes momentum but does not change energy, while

inelastic scattering changes both momentum and energy of incident particles. Elastic scattering is

characterised by, Einitiat = E finai and |Kinitiat| = |k fina1|, however, the direction of propagation of the
electrons (i.e. wave vector) before and after scattering need not be the same, %ini,ial % %ﬂnal. Mean
free path L, is the average distance travelled by the electron between successive elastic scattering

events, and is given by,
Ly, = vty (1.6)

where, T, is the average time between successive scattering events and is known as elastic scattering

time or momentum relaxation time. 7, is related to the collision time 7. by a relation,

1 1
— — — Oy (L.7)
T T,

where o, is the ‘effectiveness’ factor of an individual collision in destroying initial momentum.
The value of a;, lies between O and 1, depending on the strength or angle of scattering. L,, will
become shorter and shorter, with an increase of the density of scatterers. This is termed as momentum
relaxation length in many literatures. In the same way inelastic scattering is characterised by, Ejpiriq 7
Efina; and Enitml =+ k rinal- The average distance travelled by the electron between successive inelastic
scattering events, is called inelastic mean free path L;. In disordered metals (metals having impurities),

L,, is about 100/0%, whereas for 2-DEG L,, is of the order of 10um.

1.2.4 Phase coherence length

Now let us relate the scattering phenomena to the phase of the travelling electron wave. Let us
consider an electron which is allowed to follow the same path twice. In case of elastic scattering,
the electron retracing the path for the second time, will experience exactly same environment as the
first time, and so will scatter in the same way as during its first travel. So, we conclude that elastic

scattering does not randomise the phase of the electron wave. This has to be contrasted to the case
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of inelastic scatterings. If the electron starts to follow the path for the second time, the scattering
will be different as it depends on mechanisms that act statistically in time and space. Because of the
random nature of these scattering interactions, the phase is changed. Elastic mechanisms only modify
the wave patterns of electrons contained in the system of interest which may lead to an increased
complexity of the pattern, whereas inelastic effects modify the wave patterns and can even completely
suppress these. Phase coherence length Ly [27] represents the distance an electron wave can travel

before its phase becomes randomised, and is given by,
Lq) =VFrTy (1 .8)

where, 74 is phase relaxation time and is related to 7. (in a similar way as in the case of 7,,),

1 1
— 0 (1.9)
To Te

where, 0 is the effectiveness factor of an individual collision in destroying initial phase. The systems
whose dimensions are less than phase coherence length Ly belongs to mesoscopic systems. The
phase coherence length Ly is the characteristic length for interferences of electronic wave functions.
Ly increases with decreasing temperature and can be much greater than the mean free path L,,. In

disordered metals, Ly is of the order of few um and for 2-DEG it is more than 20 yum.

1.2.5 Thermal length

The thermal length L7 is the typical length scale over which different components of a wave-packet

associated with an electron acquires a phase difference of the order of unity.

/]
LT:VFTT:]CBL; (1.10)

where, T = ,{BLT is the thermal time, kp is Boltzmann constant and 7 is the temperature. At non-zero
temperatures, electrons wave-packet have energy width equal to thermal energy kg7, and Ly is the

characteristic length.
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Figure 1.5 The Fermi-Dirac distribution for T=0 EF (solid), T~ 0.1EF (dash) and T~ 0.3EF
(dot).

1.3 Important energy scales

In this section we will discuss few energy scales which are important in mesoscopic systems. In

particular, the thermal energy, the Fermi energy and Thouless energy will be discussed, in this section.

1.3.1 Thermal energy

At finite temperature the electrons have energy called thermal energy k7. According to equipartition
theorem, thermal energy is equally distributed between all degrees of freedom. For each degree of

freedom, the thermal energy is /‘BTT. Soin a f dimensional system, electron has a thermal energy of

T
Er :kaT (1.11)

where, f is number of degrees of freedom. These degrees of freedom may include pure translational
motion, rotational motion, vibrational motion and associated potential energies. In general, due to
quantum mechanical reasons, the availability of any such degrees of freedom is a function of the

energy in the system, and therefore depends on the temperature.
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1.3.2 Fermi energy

As discussed earlier no two electrons can be placed in the same quantum state due to Pauli exclusion

principle. The electrons are filled in different energy states following Fermi-Dirac distribution [28],

fFD(EaT):%;EF (1.12)
1+e *7

where, Er is the Fermi energy, i.e., the maximum energy upto which electrons are filled at zero
temperature. The Fermi-Dirac distribution for zero temperature and higher temperatures are shown
in Fig. 1.5. For E < EF, the occupation of electrons is unity and for £ > EF, the occupation is
zero. At zero temperature, an abrupt transition from unity to zero occupation is seen. For increasing
temperature, the transition becomes smeared over an energy interval of a few times the thermal energy
kgT. This implies that at large temperatures, there are empty states below Er and some filled states
above Er. Fermi energy also depends on dimensions of the system containing electrons. A further

description of different dimensional systems and there Fermi energy, density of states, which are

generally studied in mesoscopic physics is given in Appendix A.

1.3.3 Thouless energy

We finalise this section by introducing an energy scale called ‘Thouless energy’ [29] named after its
founder David J. Thouless. The Thouless energy E7; provides a measure of the relation between the
energy of a state and phase evolution in a restricted area of space of size L (say). Assume an ideal
scattering free crystal. An electron wave of wave vector k and energy E, travelling over a distance L
acquires a phase ¢ = kL. If the wave vector of the state is changed from k to k -+ Ak, then the phase

will change by
A¢ = AkL (1.13)

Again energy and wave vector are related by,

K2k?
2m,

(1.14)
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Therefore,
dE R’k " (L15)
R — = hy .
dk m,
where, v = f‘n—'j is velocity of the wave. Thus for the change in energy due to change in wave vector by
Ak, one finds
dE A9  hAQ
AE = —Ak=hv—=— 1.16
dk L T o (1.16)

where, T is the time taken by the wave to traverse distance L. If we take, A9 = 1, then we get
Thouless energy E7;, given by

Er, = E (1.17)
TL

Thus the Thouless energy for a system of size L is related to the time it takes for an electron wave to

cover this distance (L).

1.4 Electronic transport regime

The length scales discussed in section 1.2 provide different transport regimes in mesoscopic systems
under different restrictions. These conditions are enabled on the dimension L of the system under
consideration. To define the different regimes [27] we first have to discriminate between the quantum
case and the classical case. Evidently in the classical case we are not interested in any effect arising
due to wave nature of the electrons, and so the Fermi wavelength A should be small compared to
all other length scales in the problem. In contrast, for the quantum case the wave nature is a crucial
ingredient, as this allows typical quantum effects like interference to occur. This also implies that
the phase of the electron wave should be preserved sufficiently over the system, otherwise no phase
relationship is possible. Another way of discriminating different regimes is the scattering phenomena.
If the electrons are scattering very often during their traversal of the system then they are said to
behave ‘diffusively’, their paths are similar to random walk well known in Brownian motion. If on
the other hand, the electron can traverse the system without any scattering i.e., following a straight
line, its motion is said to ‘ballistic’. Based on these arguments, we can set up the conclusion on

different regimes as,
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Constriction

Figure 1.6 Schematic cross-sectional view of a quantum point contact (QPC), defined in a
high-mobility 2-DEG at the interface of a GaAsGaAlAs heterojunction. The QPC is formed
when a negative voltage is applied to the gate electrodes on top of the GaAlAs layer. The
orange area represents the 2-DEG and the yellow area is the depleted region. Transport
measurements are made by employing contacts to the 2-DEG at either side of the constric-
tion. This figure is adapted from ref. [35].

1. Diffusive transport regime : Ar, Ly, Ly << L,Ly(or,L;).
2. Ballistic transport regime : L < A, Ly, Ly, Ly (or,L;).

The definitions of phase coherence length Ly in Eq. (1.8) and thermal length Ly in Eq. (1.10) are
trivial in ballistic regime, but not in the diffusive regime. In diffusive regime, phase coherence length

is given by,

L¢:\/D‘L'¢ (1.18)

and thermal length is given by,
Ly =+/D1r (119)

where, D is diffusion coefficient and is given by,

v} T

D
2

(1.20)

1.5 Quantum point contact (QPC)

The study of ballistic transport through point contacts in metals has a long history [30-33]. Point

contacts in metals act like small conducting slit in a thin insulating layer, separating bulk metallic
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conductors (with mean free path L,, much larger than the size of the slit). Actual point contacts usually
are fabricated by pressing a metal needle on a metallic single crystal, followed by spot-welding.
Ballistic transport has been studied in this way in a variety of metals. Point contacts in bulk doped
semiconductors have been fabricated by passing two wedge-shaped specimens close together. One
limitation of these techniques is that of a point contact is not continuously variable.

Quantum point contacts (QPC) in 2-DEG discussed in section 1.1 cannot be fabricated by the
same method, since the electron gas is confined at the GaAs — GaAlAs interface in the sample interior.
By means of a split gate [34—36] on top of the heterostructure, one can define short and narrow
constrictions [35] in the 2-DEG of variable width comparable to the Fermi wavelength Ar. The
split gate is fabricated using a combination of electron beam and optical lithography [37]. The gate
pattern require two point contacts positioned next to each other on the 2-DEG boundary. The cross
sectional view of a 2-DEG is shown in Fig. 1.6. Note that the actual 2-DEG boundary between the
two point contacts is a depletion potential wall below the gate (which extends laterally beyond the
gate pattern). The effect of a negative gate voltage is to deplete gradually the electron gas under the
gate structure. Beyond the depletion region, no mobile carriers are present under the gate, and two
conducting constrictions are formed, of width about 50nm. Such a constriction is called a quantum
point contact (QPC) (see Fig. 1.6). Two high mobility 2-DEG regions thus are isolated electrically
from the rest of the 2-DEG, apart from the narrow constriction or QPC, under the openings of the gate.
A further increase of the negative voltage forces the constriction to become progressively narrower,
until they are fully pinched off. By this technique, it is possible to define QPCs of variable width W
(say).

The 2-DEG in a GaAsGaAlAs heterojunction has a Fermi wave length which is a hundred times
larger than in a metal. This makes it possible to study a constriction with an opening comparable to

the wave length.



Chapter 2

Coherence and Scattering phase shift

Wave propagation in a random medium is a phenomenon common to many areas of physics. There has
been a recent resurgence of interest following the discovery, both in optics and quantum mechanics,
of surprising coherent effects in a regime in which disorder was thought to be sufficiently strong to

eliminate a priori all interference effects.

2.1 Coherence vs Decoherence

Let us start with an introduction to ‘coherence’, as this is the phenomena broadly studied in this thesis.
In a quantum mechanical (or at least semi-classical) description, electrons carry not only momentum,
energy and spin but also a phase. Coherence [38, 39] is related to the definite phase relationship
at different points of space and time. For a source to be coherent it must emit electrons of single
frequency or the frequency spread must be very small. Also the electron wavefront must have a shape
which remains constant in time. Coherence is thus sub-categorised as temporal coherence and spatial
coherence. Temporal coherence is measure of phase and amplitude of electrons at a spacial point, at
different moments in time. An example where temporal coherence is observed is Michelson Morley
experiment, where the incident wave traverses different arms of the interferometer, the lengths of
the arms being different introduces a temporal shift to the fringes. Spatial coherence is measure of
phase and amplitude of electrons at same time but at different points in space. An experiment where

spacial coherence is observed is Young’s double slit experiment, where the waves passes through

17
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two spatially separated slits and meet at the screen equally spaced from the slits. Due to the spatial
separation the visibility of fringes changes from maxima to minima.

An ideal monochromatic wave represented by a harmonic function, extends from —oo to oo in
time at any fixed point. So, the amplitude is constant and the phase varies linearly in time. So,
the prediction of phase and amplitude is possible over an entire scale of time. Such a wave is truly
temporally coherent. But practically, a source emits electrons in short pulses called wavepulse, during
a time scale of Ar = 103s. As the source emits electrons in a random fashion, there will be no phase
relationship between the pulses coming from different electrons. However at a given space point,
the prediction of phase and amplitude is possible at two different instants of time provided that the
same wavepulse is still passing through the point. Thus At is the longest time interval over which
such prediction is possible. The electron is said to be coherent for the time Az. This time Az = 7y is
called phase coherence time. The length of the wavepulse is, Ly = vr Ty is called phase coherence
length. Thus it is the length upto which the phase relationship between the interfering electrons
remain constant. If the path difference between the interfering waves becomes greater than Ly, then
the interfering waves does not have a definite phase relationship.

In order to better understand the nature of this coherence length, it is useful to review some notions
related to quantum coherence. Consider an ensemble of quantum particles contained in a cubic box
of side length L in D dimensions. The possible quantum states are coherent superposition of wave-
functions such that the quantum state of the system is coherent over the whole volume LD. There are
many examples in which quantum coherence extends up to the macroscopic scale : superconductivity,
super-fluidity, free electron gas at zero temperature, coherent states of the photon field, etc.

Quantum ‘decoherence’ is a dynamical process whereby a system’s phase relations become de-
localized due to interaction and subsequent entanglement with its environment. This delocalization'
forces the quantum system into a state that is apparently classical (or apparently an eigenstate) by
prodigiously suppressing features that typically give rise to so-called quantum behaviour. The sup-
pression of quantum coherence results from phenomena linked to the existence of incoherent and

irreversible processes due to the coupling of electrons to their environment. This environment con-

IThe terms decoherence and delocalization are loosely used in this thesis, as both are more or less the same phenomena.
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sists of degrees of freedom with which the electrons interact : thermal excitations of the atomic lattice
(phonon), impurities having internal degrees of freedom, interaction with other electrons, etc. This
irreversibility is a source of decoherence for the electrons and its description is a difficult problem.
The phase coherence length Ly generically describes the loss of phase coherence due to irreversible
processes. In metals, the phase coherence length is a decreasing function of temperature. In practice,
Ly is of the order of a few microns for temperatures less than one kelvin.

To understand the origin of these coherent effects, it may be useful to recall some general facts
about interferences. Although quite spectacular in quantum mechanics, their description is more in-
tuitive in the context of physical optics. For this reason, we begin with a discussion of interference
effects in optics. When two or more waves (disturbances) meet at a point simultaneously, then they
result in a resultant wave due to principle of superposition. The intensity of resultant wave is max-
imum or minimum depending on whether the waves are in same phase or in opposite phase. This
phenomenon is known as interference. This phenomenon was experimentally observed in Young’s

double slit experiment, discussed below.

2.2 Double slit interference

The set up of the famous Young’s double slit experiment is shown in Fig. 2.1. Suppose there is a
narrow slit S, which act as source for monochromatic wave of wavelength A. There are two slits S
and S, equidistant from the source. The monochromatic waves spread out from slit S and reaches the
slits 1 and S, in the same time. The slits are spatially separated from each other by a distance d.
The waves starting from S; and S, spreads and diverge towards the screen kept at a distance D from
the centre of the slits C'. Since these wave packets originate from the same source, and reaches the
slits spatially separated at the same point of time, hence these wave packets are spatially coherent in
nature. The waves splitting from these slits (or coherent sources) interfere to give interference pattern
on the screen. At the center of the screen C, the waves from the two sources travel equal distances
and are in phase. As we move away from the center, the path travelled by the waves from one source
is larger than that travelled by the waves from the other source. When the difference in path is equal

to half a wavelength, destructive interference occurs. When the difference in path length is equal to a
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Figure 2.1 Schematic diagram of Young’s double slit experiment.

wavelength, constructive interference occurs. Let P be any arbitrary point (movable detector) on the
screen at a distance y from centre C of the screen. The distance travelled from S to P is x;, and S3 to
P is x,, both are different. The intensity / of the interference is measured at P and shown as a function
of y in Fig. 2.1. I is maximum at the centre (C) of the screen, when y = 0 and decreases equally on
both sides in the direction of increasing y. A wave is characterised by wave function, which is further
represented by amplitude and phase. Let us consider the wave functions along paths S; P and S, P be

Vi = a1 and W, = aye'®, respectively. Then intensity [ is given by,
_ 2
I = |yit+y|

= |ai P+ ]a P+ | a1 || az | cos[$r — ] 2.1)

Therefore the phase difference § = ¢ — ¢, controls the intensity and hence determines their interfer-

ence pattern. From Fig. 2.2, we can calculate the path difference, where,
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d/2

Figure 2.2 Simplification of the paths followed by the waves till they meet at point P on the

screen, shown in Fig. 2.1.

Since, D >>d,

and

then

(xp—x1) = %d (2.2)

The phase difference between the interfering waves is related to the path difference and is given by

Using Eq. (2.2)

2
5= %(xz —x) 2.3)

2.4)
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This two slit interference can be interpreted both in terms of classical and quantum interference.
In both the cases the wave divides in two parts, the two parts goes through two different slits and
finally meet at the detector, where we get the interference pattern. Than what is the big deal about
quantum interference? There is a big difference in the two stories. The difference is local and non-
local phenomenon. Classically, there is local information regarding the two slits, which control the
interference pattern. But in quantum mechanics, it is the phase difference (given by Eq. (2.4)), which
controls the interference pattern. Quantum interference is non-local phenomenon [40]. How? A very
simple and clear description can be found in ref. [40]. Let us consider a function f(p), which is

function of momentum p, then in classical mechanics,

flp) _ofdp _ _dfdV(x)
dt dpdt  dp dx

This implies in classical mechanics for a variable (say momentum) to change, require the information
of potential at that point. In quantum mechanics, it is the modulo variable (say modulo momentum

i L . . .
el;T), which is to be considered, then

d i iL ipLdp iL L dV(x)
—eh — —eh — = ——eh
dt h dt h dx
L wV(x+L)—V [
= —lhe’#(”L) (x):;leth[V(x+L)—V(x)]

This implies, in quantum mechanics to study change in a variable, we need the information of the local
potential as well as the potential at a distance L away from the point of measurement. Due to this,
non-locality is introduced in quantum interference. Due to quantum interference, each particle not
only goes through both the slits, but simultaneously traverse every possible trajectory to the target, not
just theoretically but in experiment also. That is why, we get interference pattern, not just two patches
of light illuminated from the slits, which is expected classically. Examples of quantum interference in
devices are SQUID (Superconducting quantum interference device), quantum cryptography, quantum
computation.

The interference results from superposition of the interfering wave amplitudes. The interference
pattern will disappear as soon as unambiguous information about the path followed by the particle
is known. Say for instance some detector, or magnetic field, or, scatterer is placed along one path,

then due to non locality in quantum mechanics, the fringes will disappear. Which implies that the
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two wave functions (or, quantum states) are not independent. If one path changes then the phase
associated with the other path also changes, or vice-versa. A detailed discussion of this feature as
well as details of different trajectories involved in interference is given in the next section. In the next
section, we have shown the effect of introducing a magnetic field piercing the interferometer, on the

interference pattern.

2.3 Aharanov-Bohm ring

The Young two-slit device surely provides the simplest example of an interference pattern in optics;
understanding its analog in the case of electrons is necessary for the understanding of quantum inter-
ference effects [41]. This interference can be modified by Aharanov-Bohm effect. To get Aharanov-
Bohm effect [42] in the original experiment [43, 44], an infinite solenoid is placed between the slits,
such that the paths of the interfering electrons are along the region exterior to it. The magnetic field
outside the solenoid is zero, so that classically it has no effect on the motion of the electrons which
cannot enter the region inside the solenoid. In classical mechanics the motion of a charged particle
is not affected by the presence of magnetic fields in regions from which the particle is excluded. In
quantum mechanics for such a set up, a charged particle like an electron can undergo an observable
phase shift and can change the interference fringes. The phase shift depends on the flux enclosed
by the two alternative sets of paths. This is called Aharanov-Bohm effect [42]. The Aharanov-Bohm
effect demonstrates that the electromagnetic potentials, rather than the electric and magnetic fields,
are the fundamental quantities in quantum mechanics.

With the advent of sophisticated fabrication techniques that led to the development of mesoscopic
physics, one can realise Aharanov-Bohm set up in solid state samples. Aharanov-Bohm effect is
no longer of basic interest but can lead to a lot of device applications [45]. One can fabricate an
Aharanov-Bohm set up made of semiconductor or metal and Aharanov-Bohm effects in such samples
has been demonstrated in the laboratory [43,44]. As discussed in Chapter 1, a 2-DEG can be formed
at the interface of GaAs and GaAlAs, where the electrons are confined along the z—direction but free
to move along x,y directions. With further fabrication, the electrons can be confined along both y,z

directions, and the 2-DEG reduces to a quantum wire (see Appendix A), where the electrons are free to
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move along x—direction. The typical dimension of the sample in the y—direction is comparable to the
de-Broglie wavelength. Hence the y—component of the momentum gets quantized like that in a one
dimensional quantum well. The energy gap between these quantized modes exceed thermal energy
kpT at the sub-kelvin temperatures in which these experiments are done. Hence these modes become
independent and do not mix. At such sub-kelvin temperatures inelastic mean free path also exceeds
a few microns. An interferometer of the type shown in Fig. 2.3 can be fabricated and connected
to the reservoirs on either sides. S and D are reservoirs with electrochemical potential u; and
respectively, where u; > . Under this condition, the electrons move from S to D, i.e. from left to
right. The ring is connected to the reservoirs via leads L, R. The leads are quantum wires of width W.
Reservoir S acts as source of electrons and D act as sink (drain) of electrons. Magnetic flux & can be
applied through the centre of the ring to get Aharanov-Bohm effect. Three of the transverse modes in
the y—direction are depicted in Fig. 2.3 by dotted line, solid line and dashed line. Total length of the
set up between the two reservoirs is less than the inelastic mean free path. In this regime the boundary
condition in the direction is that of an open system. Hence these modes are propagating modes in the
x—direction. They become perfect waveguides [46] and ideal candidates to exhibit Aharanov-Bohm
effect. Aharanov-Bohm effect in such set ups of quantum wires has some complexities that do not
crop up in the picture presented in the previous paragraph. In these set ups, the interference fringes
have a rigidity and phase change of electron wave function may or may not be able to change the
interference pattern.

Naively, one tends to think in analogy with the Young’s double slit experiment that electrons
(quantum mechanically are waves) originate from source, travels through lead L, split at junction J;
and goes through two paths marked as II and III in Fig. 2.3. The electrons going through II and III
again recombine at junction J, and are collected in sink D travelling through lead R. However, such
pictures of motion in quantum mechanics is very vague. Electrons emitted from the source can be
conceptualized as a wavepacket. Motion of this wavepacket is guided by time dependent Schrédinger
equation. However, representing motion of an ensemble of electrons by the motion of a wavepacket
includes many conceptual problems related to its dispersion and velocities. On the other hand one

may completely discard the idea of representing the motion of electrons by a wavepacket and consider
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a steady state current (in quantum mechanics referred as stationary beam of electrons) of electrons
running from S to D along the leads and the two arms of the ring. In this picture there is no time
dependence of the steady state current, hence no motion. One may think that the steady state current
is due to many electrons moving together from S to D as it happens in classical steady state currents
(like water current). But this concept has to be discarded in quantum mechanics because motion of
individual electrons is undefined in quantum mechanics. Consider two identical particles in identical
states (say, same value of k) incident on junction J;. One of them can get reflected and the other can
get transmitted. Only after a large number of such particles are incident at J; we can assign a well
defined transmission probability and a reflection probability in quantum mechanics. This transmission
and reflection probability can be calculated using time dependent wavepacket method or by the time
independent stationary state method to obtain the same result. Any other quantity calculated from
one picture should be meaningful in the other picture. Sometimes such meanings are easy to make
out and sometimes problematic. This thesis will deal with many such problems.

Scattering of a stationary beam can be solved by partial wave analysis [41], which is the canonical
method. The different transverse modes in Fig. 2.3 are the different partial waves. To formally get

these partial modes, consider the Schrodinger equation in a quantum wire,

202 92
[_Zm <o7xz + 5’)}2) —l—V(x,y)] y(x,y) = Ey(x,y) 2.5)

In the leads, i.e., in regions I and IV, the electrons are confined along the y-direction by a hard wall

confinement potential given by,

07 fOI‘— % S)’ S %
Vixy) =V() =
oo for|y| > %

The potential inside the ring, i.e. in regions II and III can depend on x as well as y. In regions I and

IV, Eq. (2.5) reduces to,
wo(d*  9?
_ _ 1% = 2.6
[ mn<aﬂ-%&ﬁ)%-(yﬂvdmy) v(x,y) (2.6)
x and y are now separable. Let us consider,

v(xy) =X(x)Y(y)
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Figure 2.3 Schematic representation of a quasi one dimensional Aharanov-Bohm ring. §
and D are reservoirs with electrochemical potential y; and u, respectively, where u; > (.
Under this condition, the electrons move from S to D, i.e. from left to right. The reservoirs
are connected to the ring via leads L,R. Different regions are marked as /,11,/1] and IV.
The length of the two arms of the ring are /; and [, respectively. Three transverse modes
are shown in the leads. The dotted line is for n = 1, the solid line is for n = 2 and the dashed
line is for n = 3. The ring is embedded by a magnetic flux &, and the field is restricted
within the shaded region in the centre.
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Then after separating the variables, Eq. (2.6) can be decoupled as,

n? d?X (x)
- =EX 2.7
AR 1X (x) 2.7)
n d?Y (y)
- Y(y) =EyY 2.8
oy +V()Y(y) = E2Y(y) (2.8)
with solutions,
X,(x) = Ape™* 4 Bue (2.9)
| nm w
and, Y,(y) = Cyusin [W (y—i— 2)} (2.10)
1 ikyx ! —ikyx .| T w
Therefore, Yu(x,y) = (Ane "4+ Be " >sm [W <y+ 2)] (2.11)

Here n=1,2,...., A, = A,C,,B], = B,C, and E = E| + E,, where,

2,2 2,222
_ Ik, and. =T
2m 2mw?2

|2mE  n’m?
or, kn = ? — W (213)

Here E is the incident energy of the electron whose limits are determined by ; and u,. However n

E 2.12)

2mE n*r?

can take any integer value. When = >

then for such values of n, k, is real and the mode v, in

n*n?
WZ s

Eq. (2.11) is a propagating mode. Whereas if 2;’;—2'? < then for such values of n, k, is imaginary
and the mode v, in Eq. (2.11) is an evanescent mode. Consider that E is such that there are two
propagating modes in region I and IV. These propagating modes are the two partial waves. So, the

wave functions in region I and IV can be written as,

- (e8]
¢ - (i ()
v = <t12\e/$2x>sin ﬁ; (y+‘;/)] 2.17)

These are obtained from v, in Eq. (2.11) on applying open boundary conditions. These wave func-

tions define the scattering problem. What they mean is the following. The beam of electrons incident
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Figure 2.4 Schematic representation of Aharanov-Bohm ring. The ring is embedded by a
magnetic flux ®, and the field is restricted within the shaded region in the centre.

from the source along channel n = 1 is represented by € \Fsm [ (y + )] The electrons reflected

rie ix ikx

back to the source along channel n = 1 is represented by NG

w
2
in[Z (y+%)]. The electrons
ikyx

rppe”

reflected back to the source along channel n = 2 is represented by NG sin [ (y + )] . The elec-

trons transmitted to the drain along channel n = 1 is represented by ’“\‘fi]xsm[ (y+ )] The

electrons transmitted to the drain along channel n = 2 is represented by t‘zfﬁlzl [ZW” (y + %)] .

To demonstrate interference fringe rigidity in detail, now we consider a single mode Aharanov-
Bohm ring and explicitly solve it. that basically means that only n = 1 is propagating. such a scat-
tering set up is qualitatively and quantitatively similar to a one dimensional Aharanov-Bohm ring.
The schematic representation of a one dimensional Aharanov-Bohm ring is shown in Fig. 2.4. The
Schrddinger equation for this system (in the absence of magnetic field) is given by

[ 12 92

2m Ix2

Vi >] Wix) = Ep(x) @.18)
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The wave functions in different regions considering V (x) = 0 are given by,

v = g (2.19)
v = AeéP4Be ™ (2.20)
v = Ce™ 4 De (2.21)
vy = te (2.22)

where r and ¢ are reflection and transmission amplitudes respectively. k is the wave vector given by

k= Z;"—ZE in the leads. These are the limiting cases that follow from Eqs. (2.14)—(2.17).

If we apply an Aharanov-Bohm flux in the centre of the ring, then the Schrédinger equation is

given by
1 e-
—(p—-A)+V =E 2.23
(55— SR +V@)]y(x) = Ey () (223)
where, p = %% is the canonical momentum and A is the vector potential. Under gauge transforma-
tions,

A—A-Vy (2.24)

where ¥ is an arbitrary scalar function. We know magnetic field, B = V x A. Since curl of a scalar

function is zero, then magnetic field B is unchanged under this transformation,

— —

B:%x(ﬁ—%x):VxK

We can substitute the gauge transformed vector potential in Eq. (2.23). However, that amounts to
change the momentum and hence the wave vector in quantum mechanics. And so the substitution
has to be accompanied with multiplying an appropriate phase factor in the wave function. Thus Eq.

(2.23) is equivalent to,

(A~ V) Py (x)e i V24 = [B v (x)]y(x)e i/ Vet (225)

A=Vy (2.26)
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Substituting Eq. (2.26) in Eq. (2.25), we get,

1 e [AdT _ — i [A.ax
5Pl w(x)e =[E-V(x)]y(x)e r
or,
1 = / /
S PPV () = [E V)] () (2.27)
where,
W (x) = px)e i /A (2.28)

Eq. (2.27) is the gauge transformed Schrédinger equation. The phase factor multiplied to the wave
function in Eq. (2.25) can be justified by showing Eq. (2.28) is identical to Eq. (2.23). To show this

first we will evaluate L.H.S of the Eq. (2.27).

Y (x) = B[Py ()]

we A

Z
)
=
S
<.
=

I
T

JA.dx

= Bly())e FIAE Ly () |eie TA4]

—

= [pylle I (Do kA
C
Therefore,
=0 ) _ == e (A g% é —ie [A.dx
PV = nbm@%e“ (C)yek ]
— _ie rx X — o _ de A X - eA’ _ie % X
= {Py@}e @A {fy(x)}-ple /A4 - [p-(c) y(x)e il A4
EA . _ie % 2 eg L —ie [ X g%
— (D) By@le B (D). ple 1A
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g ie (A g%
o YR = [ﬁ— L1 vwe EiAe 229)
c
Substituting Eq. (2.29) in Eq. (2.27), we get,
1 622 —ie [ 4% —le 1R dz
S (F— LPy)e I < (£ (e E 1A (230

Cancelling e fe / A.dx from both sides we get

1 eA
F——7

2m’ e

v(x) = [E—V(0)]y()

which is same as Eq. (2.23). So instead of solving Eq. (2.23) we can solve Eq. (2.27), i.e,

oty (x) /
IV g vy @31)
h2 82 / ,
or, — 5’; z(x) — Py (%) (2.32)

where, ¢> = E — V (x). Eq. (2.32) has solution of the form: y’(x) ~ ¢**#*, From, Eq. (2.28) we get,

y(x)e i A =y (x)

Therefore
w(x)e—%f;..df _ eiiqx

or
w(x)=e! (a+58).ax (2.33)

So now as the magnetic flux is applied, the solutions given in Eqgs. (2.19)—(2.22) will change. To
understand the new wave functions it is more suitable to use the language of Feynmann path, which is
an alternative method for the canonical method used to get Egs. (2.19)—(2.22). The Feynmann path
approach will also make it clear why to understand Aharanov-Bohm effect in solid state systems we
have to discard the idea of beam splitting at J; and recombining at J,. Consider the point P in Fig. 2.5
and let us try to find the wave function at P using Feynmann path approach. According to Feynmann
path approach [16] the amplitude of the electron wave function at an arbitrary point P is the sum of

amplitudes of the electron arriving at that point, along all possible classical paths with appropriate
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Figure 2.5 Feynmann path to describe a term 1#/ iUk 5e ) g gi (ke 58 )yt i (k=58 ) 2t i (k= 52 ) (1 =)
in the series of Eq. (2.34). The path is shown by the red line.

weights. So it is not just a wave arriving at P after splitting at J; but all the infinite paths have to
be considered. Using Feynmann path approach we get the wave function at P in region II (whose

coordinate is x say),

‘Vlf; _ lt/ei(kJr%)x—i— 1t/ei(k+§7’2)llr//ei(kf%)(llfx)
+ lt/ei(k—i—‘;l—’z)l. r//ei(k—‘;l—’z)h r///ei(k+;—’z)x+

4 1 () i (k5 )y i (k=50 )y ik 5 ) (=) (2.34)

Here ¢’ is the transmission amplitude from region I to region II. ¢’ is also the transmission amplitude
from region I to region III. #” is the reflection amplitude at junction J, for a particle in region II to be
reflected back to region II. 7" is the reflection amplitude at junction J; for a particle in region II to
be reflected back to region IL. ¢” is the transmission amplitude at junction J, for a particle in region I
to be transmitted to region III and 7’ is the reflection amplitude at junction J; for a particle in region
III to be reflected back to region III. /; and [, are the lengths of the two arms of the ring. The total

length (or, circumference) of the ring is, [ = [; + . Each term in Eq. (2.34) is the contribution of
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a distinct Feynmann path to the electron wave function. Let us consider one particular term, say the

third term in Eq. (2.34), i.e., 101Uk 56 ) g gi (ke 58 )yt i (k=58 )2 i (k=52 ) (0 =3) | Tpe corresponding

path is shown in Fig. 2.5 by the red coloured line. The incident wave function in lead L is e/**, at

junction J; (x = 0) it is ¢ = 1. Now 1¢ is transmitted from region I to region II across junction
, i_foll (%Jr‘,;j,).jx . . ., - .
Ji. 1t'e ¢ is transmitted from from J; to J, along upper arm. At J, it is transmitted to
. . . : (kA (kA 2 (k-4 dx :
the lower arm i.e. region III with amplitude 17’ ekt 5 )iy 14t i(kete ) g o ( +"‘) " is transmitted
from J;, to J; along the lower arm. At junction Jj, this amplitude is reflected back to region III with

. o 02 (k+4).d . . . .
amplitude 17’ (k58 ) gtho ( +ﬁ") *#. This amplitude is transmitted from J; to J, along lower arm

with amplitude,

lt’ei(k+%)llt”eif‘§2 (h%)“ixr’eif’g (ﬂ%)‘jx (2.35)
Now,
Gl (i) e iR i i d
_ ok i fy? Adx
— kbl
or, elﬂol2 (%Jr%é).ix (L)
And,
Gl (st ) de ik i) B
_ I —kdx i IS dx
_ il kdx iy
— kb ifeh
or, eiflg @J“;T[z)'d} S L
Substituting these integrals in Eq. (2.35), we get,
1 (k50 )l gi (Kt 52 )y i (k=52 ) o (2.36)

It is the amplitude that has arrived at J, for the feynmann path. From junction J, this amplitude get

transmitted to region IT with amplitude 17/ el Ukt ie Y i (k2 )y i (k=0 ) logr T propagates from J,
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to point P resulting in an amplitude

1o (V1 1 (ke )1y 1 i (k=) By (R52 ) (2.37)
Now,
eif[’i (E—i—%)d} _ eifl‘: ;.Jxeif;; ;—é.jx (2.38)
_ eij',’: —kdxeij',’; A dx (2.39)
— il kdx =i [} $Adx (2.40)
i (rgd)dx  _ k(=) =% (1 —x) (2.41)

Substituting this integral in Eq. (2.37) the amplitude at point P due to this trajectory shown by the red

line in Fig. 2.5 reduces to,

lt (k—i— hc)ll t” ’(k‘*‘?zc)lZ r/ez(k )lzt//eik(h 7x)efi%(llfx) _ lt/t//r/t”ezlkl' 2iklzezaefzkx (11 —x)

Here, oo = ;-Aly. If [, changes, then the wave function at P in the upper arm changes. This is the the
amplitude contributing to the wave function at point P for a particular feynmann path.
The wave function of region II at point P (Eq. (2.34)) due to all possible feynmann paths can be

simplified as,

v = ee'ic YA 4 1R L)

+ ﬂkx 7—(l| x)(lt, " 21kl| la+1t’t" 10 2ik11 szlz za+ )

It can be further written as,

. ieA ilox
II/[I; :Aelkxe’;f—cx _|_Be—l —ied (1, —x)

where

A= (1 + 177" )

and

(lt/ 1 21kl1 la—}—ll"l‘”l"/l‘ﬂebkl' 2iklzeioc_|_””)‘
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Note that at constant magnetic field A and B are constants. Although B contains «, |B|? is independent
of o. This is expected in one dimension. In quasi one dimension with multiple transverse modes,
A and B will depend on ¢, which will be responsible for paramagnetic currents and the effect of

centrifugal force. Similarly, the wave function in region III is,
vin = Ceeic™ 1 pemikio=iic (1) (2.42)
Applying Griffiths boundary conditions, i.e.
1. The wave functions are continuous at the junctions.
i.e., at a junction, Y = Wiy = Yy = ...

2. (Kirchoft’s law) The total current (or first derivative of wave function) is conserved at a junc-
tion.

dyi _
dx =0

i.e., at a junction ) ;
Applying the first boundary condition at the junctions J; and J, we take,
vi(0) = w1 (0) = yin (l2)

vir(L) = v (0) = yy (0)

From this we get,

A+Be @ = 147 (2.43)
Ce*2eP 4 De=* = 147 (2.44)
Akl oi® 4 po—ikh  — (2.45)

C+De P = ¢ (2.46)

Here, B = ;- Ab.

The other boundary condition i.e., Kirchoff’s law, is not the same in the presence of magnetic
field, let us see how. For getting the correct boundary condition we again start with the Schrddinger’s
equation in the presence of magnetic field, which is given by,

2
[2; <h§x—A> V)| () = Ep(x)
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or, in three dimensions (we replace x by r, and " by V) we can write the above equation in the form,

Ey(r)

<

—
~

~—
I

h? he ¥ e?A?

——V? .
= 2m lI/(r)+2mic 2mc?

v(r)+V(nw(r) = Ey(r)

Integrating both sides over volume, we get,

2

h
o V2 / V / /
= 2m Jy y(r)av+ 2mic Jy AdV'+ 2mc2w< r)dv’
+ / V() w(x)dv — / Ey(raV’
14 %
I > o e - e?A?
T V V o / / !
= 2 ( —|—l CA)I,U(r)dV ,2mczy/(r)dV
+ [ V(ny(rdv' = Ey(r)av’
4 v/

Here V' is a small volume enclosed by a surface S’ of the junction J; (say).

72 . 2A2 )
—— 1 V- —A ds’ + 1i d
2m v 5/( he Jy(r)-ds +V’lin0 v 2mc2 y(r)dv
+ lim [ V(r)y(r)dV' = lim [ Ey(r)dV’
V'—0.Jy! V'—0.Jy!
Now
242
e"A
li ' =
V0 /v/ 2mc? y(x)av' =0,
lim [ V(x)y(x)dV' =0
V'—=0.Jy!
and

lim [ E(x)y(x)dV' =0
V=0 Jy!

as V' is shrinking to 0. Therefore it follows that

Y (¥ - LAy =0 (2.47)

This is the Kirchoff’s law in the presence of magnetic field. Hence in one dimension, Eq. (2.47) can

dy; e
——A;=0
ZI’{ dx;  hc }

be written as,
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Applying this boundary condition at the junctions J; and J,, we get another set of equation given by,
dl[/[ le][ ie dl[/[][ ie
— ) =l ——-—A ——A
< dx )0 ( dx  hc ‘I/II>0+ < dx hc Y

dl[/[] ie dllf[]] ie dl//]V
_ A ——A =
( dx ke WH) I + ( dx  hc ‘I/III)O < dx /),

From this we get,

ikA — ikBe '* + ikCe™2¢'P — ikDe *2 — ik — ikr (2.48)

ikAe™ '® — ikBe 1 4 ikC — ikDe P = ikt (2.49)

We will solve Egs. (2.43), (2.44), (2.45), (2.46), (2.48) and (2.49) by matrix inversion to calculate A,
B, C, D, r and t which are the amplitudes in the one dimensional ring described in Fig. 2.4. r and
t are the reflection and transmission amplitudes. A, B, C, D, r and t become flux dependent through
these boundary conditions. It is known that micro reversibility implies |¢(¢)> = |t(—¢)|>. That is
|t(¢)|? is an even function of flux. From this section we can conclude that scattering phase shift of
any arm cannot be independently measured due to presence of higher order feynmann paths, but in
many experiments [47—-49], people managed to measure scattering phase shift. A brief report on such

experimental set up and measurements is given in the next section.

2.4 Measurement of scattering phase shift

A series of experiments [47—49] has recently confirmed that scattering phase shifts in quantum or
mesoscopic systems can be measured. Non-locality in quantum mechanics does not allow us to
determine a particular path in which the electron wave propagates. This is unlike classical waves.
This problem was overcome by using additional probes and controlled decoherence.

Fig. 2.6 shows the experimental set up to measure scattering phase shift. The set up [47] is similar
to double slit interferometer with one slit replaced by a quantum dot (QD). A QD is a small, confined
puddle of electrons, with two tunnel barriers coupling it to two reservoirs. The electrons in the puddle
occupy a discrete ladder of energy levels, with average level spacing A. E is the emitter which acts

as source of electrons, C is the collector which acts as the sink of electrons, ® is the magnetic flux
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Figure 2.6 Schematic representation of the experimental set up used by Schuster et al.
[47], which is similar to double slit interferometer with one slit replaced by a quantum dot.
Electrons are transmitted from the emitter (E) to the collector (C) crossing an Aharanov-
Bohm ring, with a quantum dot along one of the arm. Additional contacts to the base
regions (B) allow the leakage of electrons travelling across the interferometer. Vp is the
plunger gate voltage which controls the dot occupancy.

enclosed by the interferometer and Vp is the plunger gate voltage. A capacitively coupled metallic
gate called plunger gate is used to tune the energy levels in the dot. Resonant tunnelling between the
two reservoirs (through the tunnel barrier-puddle-tunnel barrier system) takes place and current flows
when an energy is aligned with the Fermi energy level in the leads. When an electronic level drops
below the Fermi level in the leads, it gets occupied and the number of electrons in the dot increases
by one. Hence, changing Vp, the dot occupancy can be adjusted.

This set up is a four terminal configuration (shown in Fig. 2.6), which consists of emitter (E) and
collector (C) QPC, and a base region (B) in between. The base contacts serve as draining reservoirs
with zero chemical potential. The electron wave enters the interferometer from E, and being quantum
mechanical in nature, goes through both the paths, one having a quantum dot and another without
any quantum dot, simultaneously. To make sure that the electron travels through only these two
classical paths i.e. to enable controlled decoherence, additional QPCs (the white gates (R) in Fig.
2.6) called reflectors are employed in the set up. They reflect the diverging electrons towards the slits

and subsequently towards the collector, where the electrons interfere to give a interference pattern. In
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Figure 2.7 (a)The peaks in the collector-base voltage Vg as a function of plunger gate
voltage Vp at fixed magnetic field. (b) Aharanov-Bohm oscillations of Vg as a function
of magnetic field B, for fixed plunger gate voltage. The four curves correspond to four
different values of Vp marked in Fig. 2.7(a). This figure is adapted from ref. [47].
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Figure 2.8 Evolution of the magnitude and phase of the transmission amplitude 7pp across
a sequence of peaks. (a) Amplitude of Aharanov-Bohm oscillations as a function of Vp.
Notice the minimum in each valley, separating consequent peaks. At the minimum, the
amplitude is almost zero. (b) Phase of Aharanov-Bohm oscillations across the peaks of
Ve The phase evolution is well described by Breit Wigner formula, but an unexpected
phase drop of 7 is observed at the valley corresponding to minimum of the amplitude of
Aharanov-Bohm oscillations. This figure is adapted from ref. [47].
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the presence of magnetic flux through the interferometer, an Aharanov-Bohm phase is added to the
phase shift, given by, 2%%0, where ¢y = % is the flux quantum. The oscillations of the interference
pattern are controlled by both magnetic flux ® and plunger gate voltage Vp. Fig. 2.7(a) shows the
resonance peaks of collector-base voltage Vcp as a function of plunger gate voltage Vp for a fixed
magnetic field. Few points are marked on one of the resonant peak, 1, 2, 3 and 4. Fixing Vp at
respective marked points and changing the magnetic field, we get the interference pattern shown in
Fig. 2.7(b). The pattern shows clear consistency with the Aharanov-Bohm effect. For various values
of Vp, the oscillatory pattern was observed to shift, the shift being proportional to the phase of the
transmission amplitude #pp of the QD. The measurement of the shift of the oscillatory pattern allowed
to extract the coefficient and phase of the QD across one resonance peak. The measured transmission
is consistent with Briet Wigner resonance. The experimental data well fit the expression

r/2

P (2.50)

fop = iC

where, I is the broadening of the resonance, C is the complex amplitude independent of Vp and &
is its position measured from the Fermi level in the leads. For a complete picture they record the
Aharanov-Bohm interference oscillations at many points along many the resonant peaks, and get to
see the scattering phase shift, i.e., the phase shift of the quantum dot.

The experimentally observed scattering amplitude and phase shift are shown in Figs. 2.8(a) and
2.8(b). The phase has a periodic behaviour which is repeated at each resonance. At each resonance,
the phase increases by 7 and between consequent resonances the phase behaviour shows a sharp drop
of m. The increasing phase behaviour could be well understood and is consistent with the Breit-
Wigner formula in Eq. (2.50). However, the phase drop in the valley separating consecutive peaks,
raised a lot of questions on the correction of measured scattering phase. In order to confirm the

measured phase shift is correct or not, the concept of Hilbert transform can be applied.

2.4.1 Hilbert transform

In the paper of Englman and Yahalom [50], they pointed out a relationship between transmission
phase shifts and transmission amplitudes, which is model independent and depends on the analytical

properties of transmission. Let us consider complex transmission amplitude (as a function of an
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external parameter, the gate voltage Vp) be £(Vp) = |t(Vp)|e!®(V7), then

1= 6,
Inje(Ve)| = —P V,’(’Z’dvp (2.51)
e Vp—
1= Inft(Vp)]
6(Vp) = ——P | ——LAav, (2.52)

These are Hilbert transforms. These are similar to widely known Kramers-Kronig equations [51].
Scientists have applied this concept to the measured transmission (scattering) cross section, and found
transmission (scattering) phase shift to be correctly measured. Even then measured scattering phase
shift has many unexplained features which were not understood theoretically. For instance, the phase
drop observed between the resonances in experiments was a matter of intense research in the past.

Now it is known to be due to an effect known as Fano resonance.

2.4.2 Fano resonance

A Fano resonance [52] is a type of resonant scattering phenomenon that gives rise to an asymmetric
line-shape. The Fano resonance line-shape is due to interference between two scattering amplitudes,
one due to scattering within a continuum of states (the background process) and the second due to
an excitation of a discrete state (the resonant process). The energy of the resonant state must lie in
the energy range of the continuum (background) states for the effect to occur. Near the resonant
energy, the background scattering amplitude typically varies slowly with energy while the resonant
scattering amplitude changes both in magnitude and phase quickly. It is this variation that creates
the asymmetric line profile. In the experiment of Schuster et al., Fano resonance is confirmed due to
interference between discrete states, i.e, contribution of electrons passing through the reference path
with a quantum dot, and the continuum state, i.e., the contribution of electrons passing through the
arm without any quantum dot. The phase shows a sharp drop or line shape between the resonances
due to this Fano resonance. At Fano resonance, we have also observed other puzzling and unexpected
features which will be discussed later, in this thesis.

Now the next question arises, is what information is associated with the measurement of scat-
tering phase shift? The answer is density of states (DOS). DOS play an important role in a number

of different physical contexts. For example, thermodynamic properties, tunnelling phenomena, elec-
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trical conduction phenomena, charging effects, etc. In mesoscopic systems, there is a hierarchy of
partial DOS [53], which is not there in macroscopic systems. In the next chapter, we will discuss the

relationship between scattering phase shifts and DOS in the next chapter.



Chapter 3

Scattering phase shift and Density of

states

In Chapter 2, we have shown that scattering phase shift can be directly measured. Scattering phase
shift is related to density of states of a scattering system or sample, which will be seen in this chapter.
Before going into details on density of states, we would like to start with a general transport problem,
since scattering is closely related to transport through the conductor.

In scattering theory, one distinguishes between sections of the system: The contacts (also called
reservoirs), the leads and the scattering region (or the conductor). The contacts act as electron sources
and drains, and are characterised only by macroscopic quantities such as temperature, chemical poten-
tial, etc. The leads are waveguides [54] for electrons and connect the scattering region to the contacts.
Each lead supports a finite number of current carrying electron modes or channels, depending on
the transverse confinement of the electrons [16]. The electrons injected from the contact traverse the
mesoscopic device without loosing phase coherence, if we consider the device dimensions within bal-
listic regime. The electronic states are therefore most appropriately described in terms of scattering
states [55]. In the next section we will discuss more on electron transport within a mesoscopic con-
ductor. By transport we mean the way electrons travel across a conductor, which is given by ‘Ohm’s
law’. But Ohm’s law is valid in macroscopic systems or in classical transport. Now the question arises

is, whether ohm’s law is valid in mesoscopic systems, if no, then how is it modified in mesoscopic

44
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Figure 3.1 Point contact conductance as a function of gate voltage. The constriction be-
comes wider as the voltage is moved towards higher values. This figure is adapted from
ref. [56].

systems, this is what is discussed in the next section.

3.1 Quantized resistance

Let us start with a one dimensional ballistic conductor of length L and width W (L >> W), sandwiched
between two contacts. Then according to Ohm’s law, the resistance is given by,

R-=G.' = ; = %p
where, L and W are length and width of the conductor, p is the resistivity, V is the applied voltage and
1 is the current flowing through the conductor on application of the voltage. Resistance depends on
the geometry (and the material) of the conductor, whereas the resistivity only depends on the material.

This is the macroscopic case. If we reduce the geometry (length) of the conductor to zero, then we
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expect the resistance to become zero,

lim G.!'=0
W.L—0

but this is not what is experimentally observed, i.e., ohm’s law is not valid for small conductors
belonging to mesoscopic scale. The first experiment was performed by B.J. van Wees in 1988 [56],
where they reported the experimental study of the conductance (inverse of resistance) of ballistic point
contacts in the 2-DEG of high-mobility GaAs — GaAlAs heterostructures (In Chapter 1, we have
already discussed about the formation 2-DEG and fabrication of point contacts). The conductance
approaches a limiting value G, and is found to change in quantized steps of 2782 at zero magnetic field,
when gate voltage on top of the heterojunction is varied. The width of the conductor is controlled by
the gate voltage. The experimentally observed conductance is shown in Fig. 3.1.

Now, the question arises is, where does this resistance (or, conductance) comes from? This resis-
tance arises from the interface between the conductor and the contacts, which are different materials.
Mode reflection at the interface of two dissimilar materials causes finite conductance even with a
ballistic conductor. We refer to this limiting resistance G, ! as contact resistance, since it is occurring
at the interface between the contacts and the conductor where the carriers have to be transmitted from
the infinite number of modes in the contacts to the finite number of modes in the conductor. To cal-
culate this resistance, a general way is to start with the calculation of current through the conductor,

for an applied bias.

3.1.1 Contact resistance

Let us consider a ballistic conductor connected to two large contacts (shown in Fig. 3.2). The contacts
are assumed to be much larger than the conductor such that they can be considered to be carrier
reservoirs with local Fermi-levels u; and u,. The current is carried by a large number of transverse
modes (or, sub-bands) in the contacts, but within the narrow conductor, the current is carried by only
a few number of modes. Each mode has a dispersion relation E (k) with a cut off energy &,, below

which it cannot propagate. The number of transverse modes at an energy E is obtained by counting
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Figure 3.2 Upper: A ballistic conductor connected to two large contacts. Lower: The
density of transverse modes in the contacts and the conductor is shown. The contacts have
large number of transverse modes while the conductor has a very few transverse modes.

the number of modes having energies below E, i.e,
M(E) =Y O(E—¢,) (3.1
n

Consider a single transverse mode whose -+k states and —k states' are occupied according to Fermi-
Dirac distribution function, f(E, ;) and f(E, 1y) respectively. The ballistic conductor has a mean
free path length L,, much larger then device length L, such that electrons can pass without any energy
or momentum relaxation due to scattering, leading to a transmission probability equal to one for each
mode. In a ballistic conductor with two terminals the net current is a balance between the influx of
electrons from the first contact minus that originating from the second contact. The current carried

by single +k state from left contact to right contact is,

dlI* =evf(E, ul)j—ng (3.2)

n the case of zero bias and zero temperature electrons occupy both negative and positive k-states distributed symmetri-
cally up to the Fermi level, giving rise to a zero net current. On introducing a finite bias, +k states are not fully compensated
by their negative mirror —k states. +k states are filled up to the u; level whereas —k states are occupied up to the p; level.
Consequently, the un-compensated states constitute a current flowing from the p; side to the L, side trying to re-establish

equilibrium
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where, v is the group velocity of electron at energy E, and j—g is the number of states again at energy

E. v= %‘2—7‘: and j—g = %, therefore vj—]’j_ drops out from Eq. (3.2), leaving a factor of 1, and we are
left with,
dI'* =~ f(E,p)dE (3.3)

Similarly, current carried by single —k state from right to left is,
dI” = = f(E,po)dE (3.4)

The net current carried by a single k state within the conductor is the difference between the right

flowing and left flowing current.

e

dl
h

[f(Euul) —f(E,,LLz)] (3.5)

The net current within the conductor is carried by all possible k states, i.e., integrating over entire

energy range,

€)= 2 [ e m) — (& )
or,  I(E) = %(,Ul_uZ) (3.6)

The factor 2 in the above equation is added to include the spin degeneracy of the electron. The above
expression is the current carried by a single mode within the conductor. If there are M transverse

modes within the interval ({; — ), then the net current carried is,

2e 2¢?
IE) = M —to)=—-MV
Vv h
-1
. = -_— = '7
= G I 2e2M 3-7)

Eq. (3.7) is the expression for contact resistance of a ballistic conductor. Since the number of propa-
gating modes M in Eq. (3.1) depends strongly on the width W of the channel, the measured conduc-
tance, shown in Fig. 3.1 exhibits plateaus that correspond to a constant number of propagating modes.
The conductance of each plateau corresponds exactly to the number of modes times the conduction

quantum G, which is the proof that ballistic quantum transport has been observed.
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Figure 3.3 Upper: A ballistic conductor is connected to two large contacts through ideal
(ballistic) leads shown by dotted lines. lower: The density of transverse modes in the leads
is shown.

The contact resistance is independent of sample or conductor geometry (L and W), but only
depends on the number of transverse modes carrying the current. But according to Ohm’s law the
resistance is a material property, than how to get Ohm’s law from contact resistance. This connection
can be obtained from Landauer formula [57-59] that was introduced by Landauer in 1988 [57]. To
obtain the ballistic transport properties of more general devices that exhibit non-unitary transmission,
Landauer extended this picture of the quantized conductance by introducing a weighting factor for the
transmission probability, namely the transmission function 7' (E), which we will discuss in the next
subsection. Moreover, we will show that in Landauer formula, the resistance has two parts, one is
the geometry independent interface or contact resistance and another is the scatterer resistance. The

scatterer resistance inhibits the material property and hence obeys Ohm’s law.

3.1.2 Landauer formula

Now we consider a conductor connected to two large contacts by two ideal leads (lead 1 and lead

2) each with M transverse modes, as shown in Fig. 3.3. The leads are considered ideal in the sense
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that there is no scattering in the leads. The contacts allow the electrons that are absorbed to relax to
the Fermi distribution of the contact, and thus serve as reservoirs of thermalized electrons. Due to
the inelastic processes leading to relaxation in energy, the phase of the electron is destroyed in this
process. When the electron is re-emitted it has no knowledge of its past. This means that there is
no correlation between the electrons emitted from different contacts. The contacts are assumed to be
reflectionless, so that all the right moving electrons in the left lead (lead 1) have originated in the left
contact (contact 1), and all the left moving electrons in the right lead (lead 2) have originated in the
right contact (contact 2). One can then assume that the distribution of electrons is the same in both
the contacts. The contacts have different electrochemical potentials ut; and i, the current is carried
by states lying between p; and ;. Again following the same formalism, the influx of electrons from
lead 1 is [16],

2
= M- ) (3.8)

The outflux of electrons at lead 2, that is transmitted from lead 1 is,

2
L= TMT(m—p) (3.9)

where, T = T(E) is the transmission function. The rest of the flux is reflected back to contact 1 and
is given by,

2e

o= M=)~ ) (3.10)

Then the net current flowing through the conductor is,
2

_ 2e 2e
=1 -1 =1 = IMT(y] — ) = M1V (3.11)

hence the resistance is given by,

Gl h _h N h (1-T)
C22MT 2e2M 2e2M T
= G,'+G;! (3.12)

where, G, ! is the conductor or scatterer resistance. This is the formalism for two probe set up,
for the multi-probe set up this formalism is extended and generalised by Biittiker and is known as

Landauer-Biittiker formula, for details please see ref. [16].
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Now, the transmission probability through a long conductor (a collection of many scatterers) of

length L is given by (see Appendix B),

L
yp— (3.13)
L+1Ly
where, L is a characteristic length of the order of mean free path. Then,
1-T L
( ) =— (3.14)
T Ly
Now,
h L L
- — (3.15)

ST 23MLy W
Since the number of transverse modes depends on the width of the conductor W. Thus, Ohm’s law

for G; ! is obtained, considering the limiting case of a long conductor including many scatterers.

The transmission probability 7 is related to scattering matrix elements by the following relation,
_ 2
Tij = Sij | (3.16)

Therefore, by using scattering theory the relevant information needed to describe the ballistic trans-
port of an open device can be obtained from the S-matrix. Also density of states, which is another
very important feature of mesoscopic systems are related to scattering matrix elements more precisely,
scattering phase shifts.

In mesoscopic systems, there is a hierarchy of density of states, which is unique for mesoscopic
systems; and hence this is another difference between mesoscopic and macroscopic systems in addi-
tion to those discussed earlier in the introduction part of Chapter 1. In the next section a brief review
of ref. [53,60,61] is given, where starting from Larmor clock, a set of density of states is introduced
which are related to spin precession and spin rotation. Here also we start with an introduction to
Larmor precession time. The Larmor time is one of the most widely discussed approach to determine
the time-scales of tunnelling processes. The idea behind this time is that the motion of electrons in
a narrow region of magnetic field can be used to explore the time spent by the electrons within this

region.
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3.2 Larmor precession time

When magnetic field is applied, the magnetic moments experience a torque because of which they
precess about the magnetic field, this precession is called Larmor precession. If fi is the magnetic

moment for magnetic field B, then the torque experienced is,
=1 xB=1y(JxB) (3.17)

where 7 is the gyromagnetic ratio. Jis the angular momentum vector, which precesses with angular
frequency wy, called Larmor frequency. Let us consider a one dimensional scattering problem with
electrons moving along y-axis in a potential V(y). In the absence of magnetic field B, the scattering
matrix elements are sqg(E,V(y)) for spin up as well as spin down electrons. Here, & and 8 are
the indices for outgoing and incoming leads, we adopt here the language from mesoscopic transport
discussions and call the region of large negative y the incident lead 8 and the region of large positive y
the outgoing lead . E is the energy of the incident electrons. In the presence of magnetic field, V (y)
changes to V(y) FdV (y), the perturbation in potential is —dV (y) for spin up electrons and +dV (y)
for spin down electrons. Thus the scattering matrix in the presence of magnetic field, (using Taylor

series expansion) is,

V() +.... (3.18)

0sq
SEpEVO)FAV () = sap(EVOD) ¥ [ gty

where, s and s~ are the scattering matrix for spin up and spin down electrons. The spin system is
shown in Fig. 3.4. We consider that the incident spin is in x-direction and is spin polarized, and the
magnetic field is along z-direction. Because of the torque y(f X E), the spins precesses and develops
a y-component. The basis spinor which determine this precession is given by,

Yi+ 1 S

Al I iy s

Vi [s5117 + Is51 [ |53

Here the indices 21 means that we consider electrons transmitted from channel 1 to channel 2. For

this 1 — 2 scattering, the y-component of spin is,

h
(Sy)21 = <t/11!§6y|v11> (3.19)
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Figure 3.4 Schematic representation of the spin precession in the presence of magnetic
field. The field is restricted within y to y +dy. The incident electrons are spin polarised,

subject to the magnetic field, the transmitted electrons experience both spin precession and
spin rotation [62].

where 0 is y-component of Pauli matrices.

(sy) i ! [ 4% *] 0 —i| |55
$y)21 = m 7T 5——5 |s 55,
T T | PR
h 1 .+*_ ._*_,'_ _ih 1 +>|<_ _*+
=5 — (T80 Soy T8y Sy1) = v = 21 Sa1 81 S
2 |53, + |55, 1? ( ) 2 sy 24|55 2 ( )

Using the expansion of s; from Eq. 3.18, we get

(sy)21 = 2(s§1|;.T|s2_1|2 [< s — /dy 55321 SV( )> (Szl+/dy 55521)5V()’/)>}
* e L @ saavon) (- [argineven)

Multiplying and retaining the terms upto first order in 8V (y'), we get,

b = o | [ oy e

= | (s e ) ave)
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where, T = |53, 1>+ |55, |> and HC stands for Hermitian conjugate. For simplicity it is considered

that the magnetic field is constant in a small interval [y, y + dy] and takes there the value B. 6V (y) is

the perturbation in potential due to the presence of magnetic field, hence 0V (y) vanishes everywhere

except in the interval [y,y + dy], where it takes the value h% (due to Zeeman effect). The potential is
noy

reduced by =5 for spin up electrons and increases by h% for spin down electrons. Therefore in this

interval, we can drop the integral and then the y-component of spin is given by,

—ih 6.5‘21 *th
: = — |dY |55 =~ —HC
<S)>21 2T |: y <s2l 6V(y/) ) 2
At point y, it is given by,
—ih 6.921 —th
= — = —HC
i 2T [(521 V() ) 2

For unit spin, the y-component developed is given by,

: 7 0
() = 2L 7 [(sélévsfyl) —HC> wL} (320
2

Component of unit spin is dimensionally equivalent to angle of precession of the electrons. Dividing

this quantity by Larmor frequency wy, then a quantity having dimension of time can be defined, which

is called Larmor precession time and is given by,

ih 1)
se) = g7 | (s -4C)
. —h * 6S21
- 4mr[<s216v<y>‘HC)] G20

For a general scattering problem, the time spent by an electron within the scattering region at point r

is given by,

+
_ o —h ¢ OSap OSup
T(a,r,[))) = WTF (S(Zﬁ 5‘/(1‘) _S(Xﬁ 6V(r) (322)

where, s4p is the scattering matrix element for electrons incoming from  and outgoing from o and

Tr is trace which represents summation over incident and outgoing transverse mode (channel) indices.
Both B and « can take values 1,2,3,.... From Larmor precession time, a hierarchy of partial density

of states (DOS) is introduced in ref. [53]. In the next section, the hierarchy of DOS is introduced.
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e

Figure 3.5 Schematic representation of the scattering system considered in section 3.2.1.
The scattering region is shown by the blue region. The scattering region is connected to
multiple leads «,3,7,6. The electrons enters and leaves the scattering region from all
possible leads.

3.2.1 Density of states

Let us start by considering a scattering region or sample connected with multiple leads shown in Fig.
3.5. The scattering region or the sample is shown by shaded (blue) region. Here, o and f3 be the
indices for outgoing and incoming leads. The electrons are incident from say lead f3, then enters the
scattering region having an arbitrary potential V (r). Larmor precession time is connected to the local

partial density of states (LPDOS) and the relationship is given by,

(a,r,B) = |S:;2p’(oc,r,ﬁ)

where,

N
p'(a,r,B) = —%Tr (ﬁm ;;‘z‘f) ~ Sap ;;‘E‘S) (3.23)
is the LPDOS and lies at the bottom of the hierarchy of DOS. p’(a,r, ) gives the contribution to
the density of states localised at point r of electrons incident from lead 8 and leaving the sample
from lead «. In order to measure this we require to specify both the incident and the outgoing leads
simultaneously, which is not quantum mechanically possible. But if we sum over any of the lead

indices o or 3, then the quantity to be measured require to specify either the incident or the outgoing

lead. Summing over one of the indices, we get the next member of the hierarchy. If we sum over all



3.2 Larmor precession time 56

outgoing leads a, then we get injectivity of contact f3,

/ o 1 t 5506[)’ 6‘9;/3
p'(r,B) = —m;n (saﬁ SV (1) — Sap 5V (1) (3.24)

Injectivity of contact B gives the contribution to the density of states localised at point r of electrons
incident to the sample through lead 3, irrespective of the lead through which it leaves the sample. This
member of density of states is widely studied in this thesis. The reason behind studying injectivity
is that it is quantum mechanically feasible. While measuring p’(a,r, ), requires a pre-estimation of
both the incoming and outgoing leads, the measurement of injectivity only requires the knowledge of
incident lead. Injectivity is measured in many experiments, an example of which is, if an scanning
tunnelling microscope (STM) tip is brought close to the mesoscopic sample or the scattering region
(shown in Fig. 3.5), then the current delivered by the tip, gives the measure of injectivity.

If we sum over the incoming leads 3, then we get another member in the same level of hierarchy

as injectivity, called emissivity,

! _ ¢ OSap _ 6s;l3
p'(a,r) = 4m§Tr<saﬁ6V(r) SoB (1] (3.25)

Emissivity gives the contribution to density of states localised at point r of those electrons which
leave the sample through lead o irrespective of the lead through which it enters the sample.
Finally if we sum over all injectivities or emissivities, we get the highest member of the hierarchy,

which is local density of states,

p'(r) = %p’(nﬁ) = Y.p'(a,r)

1 ¢ OSap 6‘?:;[3
T azl;’Tr (saﬁ 75‘/(1.) —Sap 5V (r) (3.26)

Till now, the density of states, we have discussed are all local in nature, that is at a point r within the
scattering region. But mostly, people are interested to study the density of states not at a point but of
the entire scattering region. This can be obtained, when we consider the total volume (say ) of the

scattering region, and integrate the local density of states over r for this volume.
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3.2.2 Global Density of states

Integrating LPDOS given by Eq. (3.23) over r for the volume Q, we get,

(a,B) = —l/dr3T P g S (3.27)
PYSP) = T ami Jo T P Svie) B Sy () ‘

p(o,r,B) is the partial density of states (PDOS). In semi-classical case, it is possible to replace the

functional derivative with respect to the local potential V (r) by an energy derivative, i.e.,

5 _d
*/Q SV(r)  dE (3.28)

Applying this approximation we get semi-classical PDOS,

T
o Lo [ dsap o DSap
p(a,ﬁ) ~ ET" <s06ﬁ dE —Saﬁ dE (329)

Integrating injectivity given by Eq. (3.24) over space and applying the semi-classical approximation
we get,

;
1 ds(xﬁ dsoc[)’
~ — YT T — .
PB) ~ 1mik r<saﬁ dE P T4E (3-30)

p(B) is semi-classical injectance. Similarly, semi-classical emittance is obtained from Eq. (3.25) and

is given by,

;
1 dsaﬁ dsaﬁ
~ —Y71r|s - 3.31
pla) 4ri & r<sal3 dE B T4E (3.31)

and, finally applying Eq. (3.28), after integrating Eq. (3.26) over volume ., we get density of states
p(E).

I ¢ dsap s
E) ~ —YT - 332
PE) = mik r<saﬁ dE P4 (G-32)

. . . i, . .
The scattering matrix elements are complex wave functions s, =] Sap | ' "eb | with scattering coef-

ficient | sqp |* and scattering phase shift 6,

55 then we can expand the above equation and write,

1 Zdesaﬁ
p(E) =~ MQX[;,T"OSaﬁ’ — (3.33)
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Hence we get a relation between density of states and energy derivative of scattering phase shift. This
is Friedel sum rule. The Friedel sum rule (FSR) relates the density of states (DOS) of a system to the
phase of the eigenvalues of the scattering matrix and is given by,

_d

np(E) il (3.34)

where, 0y is the Friedel phase and is given by,

0y = ylog(detls]) = 1 Y&
! j
where, S is the unitary scattering matrix and % are the eigenvalues of S matrix?>. The S matrix
tells us the response at one lead due to excitation at the other lead, but a more powerful concept
called ‘Green’s function’ gives the response at any point (inside or outside the conductor) due to an

excitation at any other point. Moreover, S matrix and density of sates are also related to Green’s

function. Let us start with an introduction to Green’s function.

3.3 Green’s function

Whenever the response R is related to the excitation S by a differential operator D,
DR=S
we can define a Green’s function G and express the response in the form,
R=D"'S=GS

Hence, Green’s function can be defined as inverse of a differential operator. Obtaining the Green’s
function is usually simpler than solving the differential equation itself which makes the Green’s func-

tion method very useful.

2Say for a matrix S, ¢S are the eigenvalues, then as known from basic matrix calculus,
det[S] = Hei‘gf = eLiid
J

Now,

log(det[S]) = log [e):f ig/] = Ziéi
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A scattering problem can be expressed in the form of inhomogeneous Schrédinger equation,
[E-H|¥=S (3.35)

where, W is the wave function, H is the Hamiltonian operator with eigenenergy E and S is an equiva-
lent excitation term due to a wave incident from one of the leads. The corresponding Green’s function

can be written as,
G=[E—A] (3.36)

The inverse of a differential operator is not uniquely specified till we specify the boundary conditions.
Depending on the boundary conditions, two different Green’s function can be defined, retarded and
advanced.

3.3.1 Retarded and advanced Green’s function

Let us consider a simple one dimensional wire with constant potential Vj, then the Green’s function

is given by,
. ?oar!
G=|E—-Vy+—— 3.37
[ ot 2m, dxz] (3-37)
where, — % j—; + Vo is the Hamiltonian. The above equation be rewritten as,
hZ 2 . ,
(E—Vo+ e dxz> G(x,x')=6(x—x") (3.38)

Eq. (3.38) is similar to Schrodinger equation, expect the source term & (x —x’) in the R.H.S. G(x,x’)
acts as the wave function at x due to unit excitation at x’, and satisfy Eq. (3.38) at every point except
point x = x’. Physically, such an excitation can result two different waves travelling along +x and
—x from the point of excitation, with amplitudes A* and A~. One result is two outgoing waves that
originate at the point of excitation, which is referred to as retarded Green’s function G® in mesoscopic

literature [16]. A pictorial representation is given in Fig. 3.6(a). We can write

GR(x,x) = At ) forx >y (3.39)

GR(x,x) = A e ™ ) forx <’ (3.40)
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(a) (b)

X=X X=X

Figure 3.6 (a) Retarded Green’s function and (b) Advanced Green’s function, for an infinite
one dimensional wire.

2me(E—Vp) - . . .
where, k = w is the wave vector of the wire. At x = x/, Green’s function must be continuous

and its first derivative must be discontinuos by 2;'2’9. That is,

[G*xx)] .. = [CxX)] . (3.41)
dGR(x,x) dGR(x,x') . 2m,
and |: dx :| x=x'+ N |: dx :| x=x'— B hz (342)

3 Substituting Egs. (3.39) and (3.40) into Egs. (3.41) and (3.43), we get

2
At —A- and k(AT +AT) = ;_; (3.43)

Hence,

i

AT =A"=——
hv

(3.44)

where, v = Z—k is the velocity of the outgoing waves. Hence, the retarded Green’s function is given by,

GR(x,x') = —%e"klx—f‘ (3.45)

There is another solution to Eq. (3.38) which is given by,

GA(x,x) = +%e—”“x—f‘ (3.46)

This solution refers to the situation, of incoming waves that disappear at the point of excitation at

x =X, and is referred to as advanced Green’s function [16]. If an infinitesimal imaginary energy i1 is

3By, X'+, we mean evaluated from right of ¥’ and by X' — we mean evaluated from the left of x’.
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Leadp Conductor

Figure 3.7 Coupling between a lead and the conductor.

added to Eq. (3.38), then the wave vector develops a positive imaginary component 0, then retarded

and advanced Green’s function takes the form,

GR=[E+in—H] ' = fhiveik“ﬂﬁ)‘x—fl (3.47)
and G =[E-in-A]"'= +%e—ik<1—i5>‘x—f | (3.48)

The imaginary part {8 in the wave vector makes the advanced function grow indefinitely as we move
away from the excitation. This makes the retarded function, the only feasible solution to Eq. (3.38),
since a proper solution must be bounded. The example considered above is limited to single mode,
let us now try to analyse the Green’s function for multi mode infinite wire. In this case apart from the
longitudinal part, a transverse part will add on the solution to Green’s function, which can be written
as,

GR (3 ) = X = 2 ) )l (3.49)

m Vm

GR(x,y;x',y’) represents the response at point (x,y), due to excitation at point (x',y’). where, m

is the index for transverse modes, X, (y) are the transverse mode wave functions with quantized

k= \Y 2m, (E_em)
h

and v,, = oy

eigenenergies &y, o
e

Again, scattering matrix S is related to Green’s function by Fisher-Lee relation [63], (see Ap-

pendix C.1)

Spm = — O + ih\/ ViV, //Xn(yq) [Ggp()’qup)] Xm()’p)dyqdyp (3.50)

where, m,n are indices for transverse modes and p, g are indices for leads (left and right).
One can obtain a matrix representation for Hamiltonian operator H and thus calculate the inverse

to get Green’s function. A common approach for matrix representation of an operator is to discretize



3.3 Green’s function 62

the spatial coordinate. Then the Green’s function becomes a matrix : G®(x,x’) — GR(i, j), where, the

indices i, j are points on a discrete lattice. In matrix form, Eq. (3.47) reduces to,

[(E—ie)l —H)GX =1

or G =[(E—ie)I—H]' (3.51)

where, [I] is identity matrix and [H] is the matrix representation of the Hamiltonian operator H. Now
that we know [H] matrix, we can find out the inverse and hence calculate the Green’s function GX.
The only problem is that the matrix is infinite dimensional. This is because the system considered is
an open system connected to leads that stretch to infinity. If we simply truncate the matrices at some
point, then we would effectively be describing a closed system with fully reflecting boundaries. Let
us consider a discrete lattice for both the conductor and the lead, the adjacent lattice points in the
conductor and a lead p can be coupled as shown in Fig. 3.7. The overall Green’s function for both
conductor and lead can be partitioned into a Green’s function for the conductor G, for the lead G,

and two coupling Green’s functions conductor-lead G¢, and lead-conductor G,¢

-1

G, Gy E+ie)l-H T
» Gpe| _|(E+ie)i-H, 1, 552
Gep Ge T EI—Hc

where, [(E —i€)I — H),] represents matrix for the isolated lead, while [E] — H| represents the matrix
for isolated conductor?, [7,] is the coupling matrix between the leads and the conductor and [TIT,] is the
coupling matrix between the conductor and the leads. The coupling matrix is non-zero for adjacent

points i (of the conductor) and p; (of the leads) i.e.,
Tpiji =1
where, ¢ is the hopping matrix element. Eq. (3.52) can be written as,

(E —ie)] —Hp|Gp+[1)]Gcp = 1

[(E—ie)l—H,|Gpc+[1))Gc = 0

4H¢ is the finite dimensional Hamiltonian matrix of the isolated conductor. The dimension of the matrix is given by
number of lattice points within the conductor, if there are n number of points in the conductor then dimension of H¢ is

nxn.
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[1)]Gp + [EI —Hc]Gep = 0

[T)]Gpc + [EI—HclGe = 1

Our purpose is to get an expression for the sub-matrix G¢, hence retaining the equation containing

G, we get,
Ge = [EI—He—1)¢%t,] ! (3.53)
where,
gy =(E—ie)l —H,]"" (3.54)

gg is the retarded Green’s function for isolated semi-infinite lead p>. Using the fact that the coupling

matrix T, is zero at all points except those adjacent to each other, then we can obtain,
2 ..
(1385 ),; = 1285 (i ps) = Z5(i, J) (3.55)

where, Zﬁ is the self energy. Its real part describes the energy shift of an electron entering the con-
ductor, and the imaginary part determines the life time of a state in the sample. When multiple
independent leads are attached to the same conductor, the effects of the self energies for each lead

simply add up and we can define XX,
=Y 2%, j) (3.56)
P

self energy due to multiple leads. This term represents the effective Hamiltonian describing the

interaction of leads with the conductor. Hence, the Green’s function® can be written as,

GR = [EI—He—xF]™! (3.57)

SThe infinite lead is taken into account exactly by the term T;gﬁ Tp. It might appear that to get g§ , we have to invert
an infinite matrix again, so this formulation is not at all worthy. However, this is not the case, as glpe represents Green'’s

function of an isolated lead, it can be determined analytically and is shown in Appendix C.2.
®We have replaced G¢ by Gg, as this is the only component of the overall Green’s function that takes into account the

propagation of electrons between two points inside the conductor. The effect of leads is accounted by the self energy term

¥R,
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Further using the concept of Green’s function, spectral function A, which is the matrix version of

density of sates can be defined,
A=G'TG" = G'TGR =i[G* - G'] (3.58)

where, I is the coupling matrix connecting the conductor to the leads, and is represented the anti-

Hermitian part of self energy XX,

r = ek

= i(ZR—xA Since, TF" = x4 (3.59)
Local density of states (LDOS) is given by the diagonal elements of the spectral function A, i.e.,
(1,E) = 5 Ar,1,E) = —— Im[GR (1,1, E)] (3.60)
r,£)=—A(r,r,E)=——Im r,r .
plr, o' [l T Pl

These are few definitions and notations most often used in mesoscopic physics while studying quan-

tum transport of carriers or electrons.



Chapter 4

Injectance and a paradox

4.1 Introduction

A series of experiments has recently confirmed that scattering phase shifts in quantum mechanics can
be measured [47-49, 64-66]. Non-locality in quantum mechanics does not allow us to determine a
particular path in which the electron wave propagates. This is unlike classical waves. This problem
was overcome by using additional probes and controlled decoherence [47,64]. Ref. [50] confirms that
Hilbert transform of the measured conductance data gives the measured phase data which confirms
that the scattering phase shift was correctly measured. Thus the scattering phase shift as well as the
scattering cross section of an arbitrary quantum system (say, its impurity configuration and confine-
ment potential is not known) can be measured. While measuring scattering cross section is an old
story, measuring scattering phase shifts is novel and new. So one can ask the question that from the
measured scattering phase shift what can we learn about the quantum system.

Friedel sum rule (FSR) relates scattering phase shift to density of states (DOS) in the system [67]
and Wigner Smith delay time (WSDT) relates scattering phase shift to a time scale at the resonances
[68]. The two are basically the same as both density of states and life time of a resonance are given
by the imaginary part of the retarded Greens function [16]. Although, it is to be noted that different
works have interpreted the WSDT in different ways which will be discussed later. Also for this reason

we will generally refer to WSDT as a time scale. FSR and WSDT are semi-classical formulas that

65
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are not a priori applicable to quantum systems in mesoscopic regime. The quantum versions of these
formulas are not completely in terms of the experimental data. A number of works have studied FSR
and WSDT in the single channel case [69—72]. Another physical quantity of interest is injectivity or
injectance [61]. In this work we calculate injectivity and injectance in the single channel as well as
two channel regime, as this also reveals the paradoxical nature of the scattering phase shift at Fano

resonance.

4.2 Friedel Sum Rule and Wigner Smith Delay Time

Let us consider plane wave incident from left hand side on a three dimensional scatterer. The scattered

or asymptotic wave function in spherical polar coordinates (r, 8, ¢) is given by [41],

1 [
—sin(kr — g +6;)Picos(¢)
,

Here 6, is the scattering phase shift. Assume a large sphere of radius R and let us count the number
of nodes inside the sphere. Number of states is one more than the number of nodes. To count the

number of nodes inside the sphere we can set the wave function to zero on the boundary of the sphere,

ie., [67]

Ir d6; dn

kR— —+6, = —+R=— 4.1

y THTIE O TR T @D

In absence of scatterer,
dnyg
kR =nom R=—mnm 4.2
no or, dk ( )

As, E = zz—n'i we get from Egs. (4.1) and (4.2), % = n[p(E) — po(E)] where, p(E) = 4 is the
density of states in the presence of scatterer and py(E) = % is the density of states in the absence

of scatterer. Instead one can put 6, + kR = 6, that is scattering phase shift is defined with respect to

phase shift kR in absence of scatterer. In which case FSR becomes [67],

a6,
JE mp(E) (4.3)

In the rest of the paper we will use this definition for scattering phase shift. This is a semi-classical
result because it is valid only when, dn < n. This assumption is related to non-dispersive wave

packets or stationary phase approximation as shown below. In this case we restrict to one dimension
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as Eq. (4.3) can be shown in one dimension too where the large sphere of radius R become just two
points at a large distance of x = +R.

Consider a wave packet incident from left on a one dimensional scatterer, i.e.,

deo
Win(x,1) = / are™ 19 gk
After scattering the transmitted wave packet at (x + Ax, 7 + Ar) is,

Foo . . .
Ve (x+Ax, 1+ Ar) = / | 1(k) | age A IOUHAN G g (4.4)

where, #(k) is the transmission amplitude and 6, is its phase. A classical particle is either transmitted
completely or reflected completely without any distortion. Assuming there is no reflected part, along
with the assumption of no dispersion of wave packet (known as stationary phase approximation), one
can write [68],

kx+kAx — ot — wAt+ 6, =K 4.5)

where K is a constant. This implies that the phase of the amplitude component a; remain stationary

or that the wave packet remains undispersed. Therefore from Eq. (4.5),

de, Ax do,
A h—— = At — At 4.6
do ve O VdE 0 (46)

where v, = iT(/? is the group velocity. Semi-classical behaviour is pictorially depicted in Figs. 4.1(a)

and 4.1(b). When E > V then a wave packet can get completely transmitted with Eq. (4.5) approx-
imately satisfied (it is never exactly satisfied as electron dispersion is quadratic). It can also happen
when E < V then a wave packet can get completely reflected with very little dispersion. In this case,
6; is to be replaced by 0,, the reflected phase shift. Thus we find that when a wave packet remains
undispersed, then the time spent by the particle in the scattered region (Ar — Afp), is given by energy
derivative of scattering phase shift. This life time (WSDT) is also related to DOS as both are given
by the imaginary part of retarded Green’s function (ref. [16], page 155-156). Hence, as we have seen
in Eq. (4.3), the DOS can also be found from the energy derivative of scattering phase shift, which is
FSR. These formulas are obviously not valid in the quantum regime i.e., E ~ V, where there will be
transmission as well as reflection. Also in this regime the scattering phase shifts will be so strongly

energy dependent that stationary phase approximation cannot remain valid and a wave packet will



4.3 Larmor Precession Time and Injectance 68

a)

E>>V

b)
E<<V

Figure 4.1 The figure shows a wave packet is incident on a barrier of height V in one
dimension. a) The energy of incidence E of the centroid of the wave packet is much larger
than the barrier potential V, i.e E >V, and, b) The energy of incidence E is much smaller
than the barrier potential V, i.e E < V. These limits correspond to semi-classical regimes.

always undergo dispersion. Refs. [73,74] have looked into the one dimensional problem when both
transmission and reflection is present. They have computed the correction term and explained the
significance of it. They have shown that the correction term arises because of quantum interference
effect. Note that both dispersion and quantum interference arises due to the superposition principle

in quantum mechanics. Their result will be discussed latter.

4.3 Larmor Precession Time and Injectance

The quantum regime can be treated exactly and also yields the following formula for time, already

discussed in Chapter 3 as Larmor precession time (LPT) [53, 60, 61] is given by,

.
_ o OSap O5up
w(a.rp) = amil <s0‘ﬁ sv(r) “Psv(r) @D
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Connection between LPT and WSDT or FSR is explained below. 7(ea,r,f3) is the time spent by
one particle incident along channel 8 and scattered to channel ¢ at r. LPT is exact in the sense that
when summed over a and 8 and divided by £, it gives the exact DOS as calculated from the internal
wave function. & stands for functional derivative. Note that the functional derivative is with respect
to the local potential implying that exact DOS cannot be expressed by Eq. (4.7) using asymptotic
wave function alone. Dividing Eq. (4.7) by i we get a local partial density of states (LPDOS) for
such a process (a particle incident along 8 and scattered to o). That is % = p'(e,r,B), where
p'(et,r,B) is LPDOS. Such a process requires to specify both the incoming and outgoing channel
which is impossible in quantum mechanics because a single particle in quantum mechanics behave
probabilistically when it encounters a potential and gets scattered. Only when an ensemble of particles
is considered, the probability of transmission and that of reflection are given by Schrodinger equation.
One can indirectly measure the consequences of such a LPDOS [53,60, 61], but an experimental set
up that can directly probe this LPDOS requires us to take a sum over at least one of the channels (i.e.,

o or fB). So, we can specify the incoming channel and scattering can take the particle to any arbitrary

output channel. Thatis, Y, p’(a,r,) = p’(r, B) is a physical quantity called injectivity.

i
/ B _L ¥ 5Saﬁ B 6sa/3
prp) = — 17 <Saﬁ SVir) BV
B 1 5 69Sa/3

Im(saﬁ)
Re(sqp)

where, Bsaﬁ = arctan . This quantity can be experimentally observed and is the topic of study
in this work. A special situation where this quantity can be observed is when we bring a scanning
tunnelling microscope (STM) tip close to a mesoscopic sample at » connected to one or more leads.
Injectivity gives current delivered by the tip.

Not summing over 3 reveals the true nature of the paradox. This is because then the incident wave
packet comes along a single channel § and after scattering it will either disperse or will not disperse.
If we sum over f then the incidence is along all possible channels. So wave packets are incident
along B channels and their scattering and dispersion can compensate each other. Also refs. [73,74]

have calculated the correction term for this injectivity in the single channel case and the paradox can

be quantitatively explained in terms of this correction term.
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The semi-classical limit can be obtained from the following substitution,

o d
- /g SV(r)  dE 4.9)
Hence, from Eq. (4.8)
1 , d
p(B) ~§g | Sap I* 565 (4.10)

This quantity is called injectance. | sqg | appears because when we allow scattering (Eq. (4.6) cor-

respond to a case when everything is transmitted without scattering) then | s, > number of particles

d 6
are scattered from channel B to channel o and each ones contribution to time is related to —; g” . In
the single channel case, say for B = 1, it can be explicitly written as
1 do de
D || rP =t |t ]* == 4.11
p() 5 |1 Gt 1P G @.11)

The approximate equality can be replaced by an equality if we add a correction term on the right hand

side [73,74].

det me‘r|_

p(1) +r d7E+ e sm(Or)] (4.12)

= |Irp %
- 2m dE

where k is the wave vector of the incident channel. Note that the correction term contains material
and sample specific parameters like m, (the effective mass of electron) and £ which depend on width
and confinement of a quantum wire. Refs. [73, 74] have stressed that the correction term can be
zero if | r |= 0 (corresponding to Fig. 4.1(a)), but sin(6,) cannot be zero as it comes from quantum
interference which is always there in a quantum system. sin(6,) can be zero only when the potential
is infinitely high because then there is obviously no interference effect [73,74] (corresponding to Fig.
4.1(b)). Or it sometimes become zero far away from resonances that are almost classical regimes
[73,74]. Therefore, just as dispersion of a wave packet cannot disappear, interference effects cannot
disappear. Both originate from the linear superposition principle in quantum mechanics. Only when

dispersion or interference can be ignored we get the semi-classical limit, i.e, Eq. (4.10).

4.4 The Paradox: Single Propagating Channel

We will first show that there is a situation where sin(6,) can become zero at a resonance where

| r |# 0, making Eq. (4.10) exact in a quantum regime. This is in complete contradiction to what is
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Figure 4.2 A general scattering problem in quasi one dimension. The reservoir L inject
electrons to the left lead L and hence to the scattering region with arbitrary potential Vy(x,y),
shown by the shaded region. Reservoir R absorb electrons transmitted through the shaded
region, through right lead R. The electrons reflected from the shaded region are collected
in reservoir L. Here we have considered one propagating channel in the leads and electrons
are incident from the left.

known so far [73,74]. A general proof for a single channel scattering is given below. This can have
useful implications to experimentalists in the sense that although injectance depends on the potential
inside the scatterer, it can be determined from asymptotic wave function that can be experimentally
measured. Consider a quasi one dimensional (Q1D) system with scattering potential V,(x,y) shown
in Fig. 4.2 by the shaded region. Lead L and lead R connect the system to electron reservoirs L and
R, respectively. They act as source and sink for electrons, respectively. The confinement potential in

the leads, in the y-direction (or, transverse direction) is taken to be hard wall, given by,
w
V(y) =eofor|y|z —

w
—0f < =
or|y| >

The Schrodinger equation in the two dimensional system (the third direction is eliminated by quanti-

zation [16]) is,

o9t 92
[_Zm <axZ+ay2> TV () +Ve(x,y) | ¥(x,y) = E¥(x,y) (4.13)
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where m, is the effective mass of the electron, and W is the width of leads L and R. In the leads where

there is no scatterer (V,(x,y) = 0), the Schrodinger equation can be decoupled. The y-component is,

n o d?
o 2 VO 2a0) = ) @19
and the x-component is,
n o d
—z—meﬁcm(x) = (E — &n)cm(x) (4.15)
with x,(y) = (/& sin2Z(y+ %) and €, = '2”;7:;‘5‘22 . E is the energy of incidence from reservoir L,
given by,
E=Epy, = ik, (4.16)

2m,W?2 - 2m,
It is known that for potentials that have symmetry in x-direction, i.e.,V (x,y) = V(—x,y), we can write

solutions to (4.15) given below [75].

1

e (x) = H;I(Smne_ik’"x — 8¢ ek T (4.17)
e (x) = y Syne” ¥ 50 ety 4.18
where, ¢f,(x) = ¢,(—x) and ¢j,(x) = —c9,(—x). Then both transmitted wave function (at x > a) and
reflected wave function (at x < —a) are given by [69,75]
e _ 0
em(x) = En(¥) —cn(x) (4.19)

2

. . . . . 242 242
E can be so adjusted by adjusting the Fermi energy of reservoir L, that 2”7’13,2 <E< ;r:ziv?ﬂ . Then

ky is real and from Eqgs. (4.17), (4.18) and (4.19)

c1(x) = KX L7 e MY for x < —a

iklx

=fe"* forx >a

where

ST+ 8¢
711:_( 1142' i) (4.20)

- (SH=Sh)

f11 = 5 (4.21)
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For m > 1, energy conservation in Eq. (4.16) is not violated as k2, can become negative. That yields
evanescent solutions with k,, — ix;,. Inclusion of the evanescent modes is very important to get the
correct solutions [76]. Due to the same principle, i.e., any function can be written as a sum of an
even function and odd function and any square matrix can be written as a sum of a symmetric matrix
and an anti-symmetric matrix, the wave function in the scattering region (—a < x < a) can be written
as a sum of an even function and an odd function. We denote them as 1}, (x,y) and 05 (x,y), i.e

¥(x,y) = 7175”()6’”;”’3‘(%” for —a < x <a.

) =Y duby(x,y) (4.22)
n=1
no(x,y) = Zd &2 (x,y) (4.23)

{¢ and ¢ are the basis states that satisfy the condition that they go to zero at the upper edge and lower
edge of the shaded region in Fig. 4.2.

One can define the matrix elements,

2 aee
Fnion: 1 / m < -

Here eo stands for even or odd, i.e., ¢/o. One can match the wave function and conserve the current

> dy (4.24)

at x = +a for all y to obtain a matrix equation given by,
Z Feo is 1k,laSeo _ [Frerg +15rm] efikma (425)

Solving for S¢7

e0 . we can find the scattering matrix elements. Bound states can be determined from the

singularities of the matrix equation (4.25), on setting right hand side to zero. That is
det[F2 —il] =0 (4.26)

Here ‘cc’ means evanescent channel (or closed channel) for which both &, and k,, in Egs. (4.24, 4.25),

are imaginary. Solving Eq. (4.25), one can get,

Sﬁ — o 2ikia geo i—i 21arccot[G“’] — 207 4.27)
where,
G = Flelo _ Z Fle;l) |:(Fcec0 _ il)il] }’fltl) (428)
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and

0°° = arccot[G*| (4.29)

Here scattering phase shift 8 is defined with respect to phase shift in the absence of scatterer. Using

Egs. (4.20), (4.21), (4.27) and defining new variables,
¢=06°—0%and 6, =0°+6° (4.30)
we get transmission amplitude and reflection amplitude

711 = isin(¢)e® and 7y = cos(¢)e'” (4.31)

The correction term of Eq. (4.12) in case of the system in Fig. 4.2 is m;';%" sin(6;).

4m2H?
2m, W2

Threshold energy E for the second channel is given by E = i.e., above this energy k»
becomes real. Below this energy the second channel can have bound states. Such bound states will
occur at energies given by the solution to Eq. (4.26). At these energies the first channel can be

propagating as its threshold is given by E = 2’7;2?;2 and Sp; is given by Eq. (4.27). But at bound state

energy, G’ will diverge as it includes matrix elements of [F5° — i 1]71 as can be seen from equations

(4.26) and (4.28). That in turn implies that at resonance (as can be seen from Eq. (4.29))
0°=prand 6°=¢qgn (4.32)
where p and g are integers. Therefore, from Eq. (4.32),
sin(6,) = sin(6°+0°) =0 (4.33)

Thus we have shown that the correction term in Eq. (4.12) is zero precisely because sin(6,) = 0.
At this point | r |# 0 as can be seen from Egs. (4.30, 4.31). Note that if we ignore the correction
term, then all terms on right hand side can be determined experimentally by measuring asymptotic
solutions [64]. So injectance can be known from the asymptotic solutions. So the correction term

being zero at a resonance can have useful implication to experimentalists.

4.5 The Paradox: Multiple Propagating Channels

We cannot study the multichannel case generally. We will study the two channel case for a particular

potential, i.e., Vg(x,y) = ¥8(x)8(y —y;), to show the paradox there along with other puzzling facts.
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Figure 4.3 A similar scattering set up as in Fig. 4.2, with general potential V, (x,y) replaced
by a delta function potential Y& (x)d(y —y;). Here we are considering two propagating
channels. Incidence is along only one channel which is the fundamental channel (m = 1)
from the left.

In Fig. 4.3, the shaded region is a two dimensional quantum wire with a delta function potential at
position (0, y;) marked X. The dotted lines represent the fact that the quantum wire is connected to
electron reservoirs.

Injectance can be obtained from the scattering (S) matrix as described earlier, for the system
described in Fig. 4.3. The two channel injectance with incidence along m = 1 channel from left as

shown in Fig. 4.3, in the semi-classical limit is given by,

d@m ‘ ) |2

dE

do

12
[ty |

dE

2 delll
dE

de,
+ |ty |? “2} (4.34)

1
1) =~ — 2
p(l) ~ o [| - .

Here, 1 signifies the incident channel transverse quantum number, i.e., m = 1. We can break this up

as p(1) ~ p(1)E+p(1)R, where,

1 de, deo,
P(l)L:M{\rn \zd—E”Hru \ZdE”} (4.35)
and
1 de, de,
p(l)Rzm{ltu 2 d—g‘ﬂtu Izd’E”} (4.36)

That is, p(1)% consist of reflection channels and p(1)® consist of transmission channels. The correc-

tion term depends on parameters of the incident channel only and gives the following identity.

A me|ru]

p(1>=p(1)L+p(1)’“r27r e in(6;,,,) (4.37)
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Similarly, injectance of channel 2 is,

1 do do de
2 - 2 2 2 21 2 122
pQ) = o |Irm P I P 2 | P
dao, me | 1 .
+ e P eh’kf | sin(6,,, ) 4.38)
2
and in the semi-classical limit, it is given by,
1 de do do de

2 ~ 2 2 2 21 t 2 2 ¢ 2 21 4.39
p(2) 2ﬂ[|722! dE+\r21| dE+\22| dE+|21! 1E (4.39)

The R.H.S can be determined from the S-matrix. This S-matrix approach is easily accessible to
experimentalists. We will now calculate this injectance from internal wave function which allows
numerical verification.
- W
pm:/'w/;@;Wme%w—&h) (4.40)
. _¥ ,
where W(x,y, 1) is the wave function in the scattering region for incidence along channel m = 1, and

is of the form [77],

P(x,y, 1) =Y fnlx, D) m(y) (4.41)

Here y,,(y)s are solutions in the leads in the transverse direction which is a square well potential in
y-direction. ), (y)s form a complete set and Eq. (4.41) is derived from the fact that at a given point
x, the wave function in the scattering region can be expanded in terms of x,,(y)s. fis are generally of
the form given below [77],

fi(x,1) = ®* 4 e 1  for x < 0
=11%5% forx > 0
H(x,1) = ripe ™ ™ forx < 0
=112¢™* forx > 0

and for m > 2,

Fin(x,1) = ripe™ for x < 0

=tme " forx >0
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Here r,,, and t,,, are unknowns to be determined. The scattering problem described above can be

solved using mode matching technique. The reflection amplitudes are given by,

' an

2\/k k
Fun(E) = ki (4.42)
mn(E) T in, e

I is the coupling strength between m'™ and n'" modes, given by I'y, = ysin 5% (y; + %) sin 22 (v +
%) The transmission amplitudes are given by, tu,(E) = ryun(E) for m # n and, tym(E) = 1+ rym(E).
Y. denotes sum over evanescent modes and runs from 3 to oo, while },, denotes the same for prop-
agating modes (i.e. m=1 and m=2). We will present our results for the case of two propagating
channels but the analysis and results are same for any number of channels.

If the delta function potential is negative (Y < 0) then there can be bound states. In general, the

quasi bound state for channel m=s is given by,

— Fee
1+ =0 4.43
e; 2%, (4.43)

Only the bound state for m=1 channel is a true bound state and it is given by the solution to the

following equation, 1+ 3", 2;; = 0. The bound state for m=2 is given by, 1 +Y >, 2“ = 0. At this
energy we get a bound state for m=2, but at that energy m=1 channel is a propagating channel. Hence
the bound state given by this equation is a quasi bound state or a resonance.

The delta function in Eq. (4.40) summed over k; can be shown to yield a factor ﬁ where

vy = hmﬁ Using the orthonormality of ), (y)s, we get,

p) = o | [ xRl
— s nen P [ ana P
o [ari e P [ AP

Substituting the values of f,(x,1)s, we get,

p(l) = 1[/ dx [14 | i1 P 42| rin | cos(2kix +¢1)]

+ /dx|t11\2+/ dx | s |2 +/ dx |1 |2

3 ? |ta]?
|13|+14|+...]
K3
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Figure 4.4 The plot is of injectance versus EW? for y = —13, and y = .45W. The solid
curve shows semi-classical injectance of channel 1 (i.e., incidence is along m = 1 trans-
verse channel from left) calculated using S-matrix (Eq. (4.34)), the dot-dashed curve is the
exact injectance, for the same channel calculated using internal wave function (Eq. (4.45)).
The dotted curve is semi-classical injectance for channel 2 (i.e., incidence is along m = 2
transverse mode from the left) from S-matrix (Eq. (4.39)), the dashed curve is the exact
injectance, for for the same channel calculated using internal wave function (Eq. (4.46)).
We use i =1, 2m = 1. The figure shows that semi-classical formula becomes exact at
resonance where there is a peak in injectance.

Here, r1; =| r11 | e ?'. Note that for m > 2,

oo 0 -
[t = nar[f s [
—oo m —o0 0
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Figure 4.5 The plot is of injectance versus EW? for y = —15, and y; = .45W. The solid
curve shows semi-classical injectance of channel 1 (i.e., incidence is along m =1 trans-
verse channel from left) calculated using S-matrix (Eq. (4.34)), the dot-dashed curve is the
exact injectance, for the same channel calculated using internal wave function (Eq. (4.45)).
The dotted curve is semi-classical injectance for channel 2 (i.e., incidence is along m = 2
transverse channel from the left) from S-matrix (Eq. (4.39)), the dashed curve is the exact
injectance, for the same channel calculated using internal wave function (Eq. (4.46)). We
use =1, 2m = 1. The figure shows that semi-classical formula becomes exact at resonance
where there is a peak in injectance.

Using time reversal symmetry, i.e, rjp = 11 and t1p = fr1, we get,

1+ | 2+ | 2 \2/0
1) = d
p(1) v | dx
2 2 e
n [t |*+ | 121 | / dx
hvy 0
2 0
+ |”11\/ dxcos(2kix+ ¢1)
i  J-e

1 i3 2 | a2
n (! 13‘4_’14‘4_...)
hvi K3 K4

Adding and subtracting the following terms,

|t | /0 |21 | /0
—_— dx, —— dx,



4.5 The Paradox: Multiple Propagating Channels 80
N—
= 1
=
»
7o)
'\: 0 B ( — e —
S
. .
N_'\
-
=
e | -1
c lllllllllllllllllllllll
N
2 | L | L | L | I | I ] -2
40 50 60 70 80 90
2
EW
Figure 4.6 Here we are using the same parameters as that of Fig. 4.5. The solid curve
shows 30x| 11 |?, the dotted curve is for 6,,,. The dashed curve is for 5x| ri5 |>. The figure
shows that at resonance, there is large fluctuation in | r11 |?, 6,,, and | r12 |?. Also it shows
that | 1 |# 0 but sin(6,,,) = 0 at the resonant energy EW?=84.29.
and using the fact that,
|111\2/° |111|2/°°
dx = d
h Jow o vy Jo *
and, | 1 ‘2 + | 1 |2 + | i ‘2 + | 1031 |2: 1, we get,
p(l) = L/w dx+ il /w dxcos(2kix+ ¢1)
hV] —o0 hv] —o0
1L (03| [nal?
— - 4.44
hvy ( K3 " K4 " (49

1

defined with respect to the phase shift in absence of scatterer then this term can be dropped.

Now,

/m dxcos(2kix+ @) = 6(2k;) cos(¢)

r J=. dx = py is the injectance in the absence of scatterer. Again if the scattering phase shift is

As k; = 0 is not a propagating state contributing to transport, hence this term of Eq. (4.44) reduces to
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Figure 4.7 Here we are using the same parameters as that of Fig. 4.5. The solid curve
shows (3.5x| #11 |* —2.5), the dotted curve is for 7.0x6;,,. The dashed curve is for 5x| #2 |2,
and the dot-dashed curve is for 6, —0.6. The figure shows that at resonance (EW?=84.29),
there is large fluctuation in | #11 |2, 6;,,, 6, and| f12 |*>. Also note that there is a negative
slope in 6;,,

zero, and we are left with,

p(l):i ‘t13|2+|t14|2+.... (4.45)
hvy K3 K4 '

Similarly, for incidence along channel 2, one can obtain the injectance,

hv, K3 K4 '

Note that contribution to injectance come from evanescent channels only. This is a tunnelling
problem because the lateral confinement makes the effective potential very large and extended in the
propagating direction [78]. In Figs. 4.4 and 4.5 we consider two propagating channels and show that
semi-classical formula for injectance becomes exact at a resonance. Injectance for both the channels
is shown. p(1) is the injectance for incidence along channel m = 1 and p(2) is the same for incidence
along channel m = 2. The resonance condition is given by Eq. (4.43) and this occur at EW? = 85.62 in
Fig. 4.4 and at EW? = 84.29 in Fig. 4.5. At the resonant energy we can see a peak in the injectance in

both channels which is a consequence of the resonance. At the peak, solid curve (semi-classical p(1)
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Figure 4.8 Here we are using the same parameters as in Fig. 4.4. The solid curve shows
10xp(1)R, the dashed line is for p(2)X. Both of them get exactly zero at the resonance i.e.,
at EW? = 85.62.

obtained from Eq. (4.34)) coincides with dot-dashed curve (exact p(1) obtained from Eq. (4.45)),
and, dotted curve (semi-classical p(2) obtained from Eq. (4.39)) coincides with dashed curve (exact
p(2) obtained from Eq. (4.46)). Exactness of the semi-classical formula is counter-intuitive because
at this point scattering probability and scattering phase shift show strong energy dependence, so the
stationary phase approximation needed to get Eqs. (4.34) and (4.39) cannot be valid. Also at this
energy, | r11 |# 0 and | 22 |# O, rather, sin(6,,,) = 0 and sin(6,,,) = 0 implying interference effects
disappear and so correction term in Egs. (4.34, 4.38) disappear making semi-classical formula exact.
All this along with the energy dependence of the scattering matrix elements can be seen in Fig. 4.6
and Fig. 4.7 for the parameters used in Fig. 4.5. The negative slope in the scattering phase shift 6;,,
(see dotted curve in Fig. 4.6) is due to Fano resonance and is another puzzling feature, explained

below.
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Figure 4.9 Here we are using the same parameters as in Fig. 4.5. The solid curve shows
10xp(1)R, the dashed line is for p(2)X. Both of them get exactly zero at the resonance i.e.,
at EW? = 84.29.

4.6 Negative Time Scales

It can be proved that p(1,2)% = 0 at the resonance, from Eqs. (4.36) and (4.42). It is shown in
Figs. 4.8 and 4.9 for the parameters used in Figs. 4.4 and 4.5, respectively. As explained before that
p(1,2)R(E) (within a factor of /) is a time scale associated with particles that escape to the right lead.
There has been a great amount of controversy regarding, what negative or zero times mean. p(2) as
defined in Eq. (4.46) (within a factor of #) is known as dwell time and it is definitely positive. Dwell
time is exact because it is defined from the internal wave-function that can be calculated exactly and
also defined in terms of probability regarding which there is no controversy in quantum mechanics.
This time scale is associated with particles that traverse the potential region independent of to which
channel it is scattered to. Each of the four times on the R.H.S of Eq. (4.39) are Wigner Smith
delay time (again within a factor of /). These time scales can be negative as the scattering phase

shift can have negative slopes with respect to energy. These time scales are for particular scattering
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t,,|

Figure 4.10 Here the energy dependence of | #55 | is shown, using the same variables as in
Fig. 4.5.

. de,,, . . .
processes and there are four possible processes. For example |y |? S5~ 1s the time scale associated

with particles that are incident along m = 2 channel from the left and scattered to m = 2 channel on
the right. Hence the four WSDT should have added up to give the dwell time but they do not as they
are semi-classical. So it remains a question as to what WSDT actually mean in a quantum regime
where they can become negative. Note that p(2)® (dashed curve in Fig. 4.8 and Fig. 4.9) becomes
negative for 40 < EW? < 50. So far researchers have mainly studied this low energy quantum regime
[53, 68,79-82] for observing and understanding negative time scales. In this regime the correction
term (or quantum interference term) is non-zero. The controversies arise due to the lack of equality
(between dashed and dotted curves in Figs. 4.4 and 4.5 between Eqs. (4.39) and (4.46), which leaves
room for different interpretations of the different times. So since negative times are seen in quantum
regime only, negative times are also subject to interpretations. Many of these times, positive or
negative, are experimentally accessible [83]. Only at EW? = 39.51 when k; — 0, the correction term

disappear because ,:/—2 — oo (see Fig. 4.1(b)). Hence if someone can do an experiment at this energy
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then the negative times may be observed and experimental results are free of controversy. But at this

point quite ironically, |f22] — 0 and so one has to wait infinitely long to see a negative time delay that
is free from controversies. On the other hand at the Fano resonance (EW? = 85.62 in Fig. 4.8 and at
EW? = 84.29 in Fig. 4.9), both the solid curve and the dashed curve become zero, implying there are
time scales that go to zero at this energy. So the same puzzling question can be asked again, as to how
can time scales be negative or zero? Unlike the low energy regime, at this energy, the correction term
is zero implying Wigner Smith delay times add up to give dwell time, and also transmission is finite.

We show the finiteness of | £25 |2, for same parameters as in Fig. 4.5, in Fig. 4.10 at the resonant energy

where p(2) = 0. So there is no room for different interpretations and also one does not have to wait

infinitely to observe a negative or zero time delay. In fact |ty |2d§% is strongly negative here and so if
one observes the transmission from the m = 2 channel on the left to m = 2 channel on the right, then
one can see strongly negative delays. It should not be difficult to separate such transmission processes
from £, transmission processes, as in the former case the transmitted wave packet move much slowly
(being constructed from k; instead of k1). Experimentalists may try to do similar experiments in this

regime. Specially as one can see, the transmissions at this energy is finite.

4.7 Conclusion

Study of injectance of a quantum system coupled to finite thickness leads has established many novel
facts. First of all the correction term to injectance, obtained in refs. [73, 74], become zero very
paradoxically in a quantum regime of a Fano resonance. For single channel leads this has been
proved generally and for multichannel leads this has been shown for a delta function potential. Thus,
semi-classical formulas for injectance become exact at Fano resonance. All the terms that appear in
semi-classical formulas can be determined experimentally from asymptotic wave functions. Hence,
although injectance strongly depend on the scattering potential, can be determined without knowing
the scattering potential. Besides, the quantum interference term going to zero can unambiguously

establish the possibility of negative time scales in quantum mechanics.



Chapter 5

Negative partial density of states in

mesoscopic systems

Since the experimental observation of quantum mechanical scattering phase shift in mesoscopic sys-
tems, several aspects of it has not yet been understood. The experimental observations has also
accentuated many theoretical problems related to Friedel sum rule and negativity of partial density of
states. We address these problems using the concepts of Argand diagram and Burgers circuit. We can
prove the possibility of negative partial density of states in mesoscopic systems. Such a conclusive
and general evidence cannot be given in one, two or three dimensions. We can show a general con-
nection between phase drops and exactness of semi classical Friedel sum rule. We also show Argand
diagram for a scattering matrix element can be of few classes and all observations can be classified

accordingly.

5.1 Introduction

A number of experimental [47—49, 65, 66, 84, 85] and theoretical works [50, 70-72, 86-92] have re-
cently studied the scattering phase shift in low dimensional mesoscopic systems where the electron
dynamics is determined by quantum mechanics. Essentially, the asymptotic states are that of free
particles in a quantum wire and the scatterer is embedded in the path of this quantum wire [88,93].

Model specific approach so far has led to contradictory and confusing results [61, 70-72, 85, 92].
86
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Heiblum et al [85] quote that ‘There is by now vast theoretical evidence that the transmission phase
depends on the specific properties of the QD’s levels that participate in the transport’. However, in
all these studies there is no reference to well established theorems and results on phase changes and
lapses known for a long time in the community that studies classical wave trains [94,95]. Such phase
changes are still very important in mesoscopic physics as they are related to breakdown of parity ef-
fect [86], interpretation of Friedel sum rule (FSR) [70-72, 89, 96], relation to partial density of states
(PDOS) [53,61,79,97,98], etc. that determine the thermodynamic properties of a mesoscopic system
which is absent in case of classical waves. So in this work we analyse theoretical and experimental
observations in mesoscopic systems, in terms of some known facts (‘Argand diagram’ and ‘Burgers
circuit’) to resolve the puzzles. Argand diagram is a plot of real versus imaginary parts of an analytic
complex function and Burgers circuit is about phase changes and lapses being determined by phase
singularities.

We shall show that the scattering phase shift behaviour of different experimentally [47—49, 65,
66, 84, 85] and theoretically [50,70-72, 86-92] studied systems can be understood from the Argand
diagrams and analyticity. Argand diagram for the scattering matrix element of any system can be
classified as, a) Argand diagram is closed, b) Argand diagram is open, ¢) Argand diagram encloses
the phase singularity, d) Argand diagram does not enclose the phase singularity, e) Argand diagram
is simply connected and f) Argand diagram is multiply connected due to the presence of sub-loops.
Specific properties of the scatterer only matter to the extent that the Argand diagram changes from
one of these to another. Among them some changes are topologically possible and others are not.
Understanding how an Argand diagram changes from one to the other explains most of the puzzles
not understood so far. In section 5.3 we will analyse slips in the scattering phase shift [47,86]. We
will first explain the features not understood so far. And then we will show how Argand diagram and
Burgers circuit can explain the features. In section 5.4 we will show that FSR too can be understood
from Argand diagrams although its manifestation seems to be completely different for different po-
tentials [89,90]. We will also show why FSR can become exact whenever there is a phase lapse. This
is a physically counter-intuitive result that has been proven for particular potentials so far [89,99]. We

will show that this result depends on the properties of Argand diagram and hence very general and
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(b) ?T

— [0
Re(y)

Figure 5.1 Schematic Argand diagrams that exemplify Eq. (5.2). (a) When the Argand
diagram contour encloses the singular point at (0,0) and (b) when the contour does not
enclose the singular point.

independent of the scattering potential. In section 5.4 we will also prove the possibility of negative

partial density of states in real mesoscopic systems.

5.2 Burgers Circuit: An introduction

Given a complex function ¢, if there is a phase singularity [95] in its complex plane, then one can

specify the strength of the singularity as follows [95],
I =sgnlm (Vt* x Vt).n (5.1)

[ is a topological quantum number which is always conserved in an interaction. For a generalised
‘Burgers circuit’ (BC) [94],
j{ do =2ml (5.2)
C

Im(r)

where, ¢ = Arctanyg, GR If the contour C does not enclose the phase singularity then / is 0. When the

contour C enclosing a phase singularity is clockwise then [ is -1 and when the contour C enclosing a
phase singularity is counter-clockwise then / is +1. A scattering matrix element is a complex function
for which Argand diagram can be drawn and concept of BC can be applied. Argand diagram for a

scattering matrix element is generally counter-clockwise, as incident energy of the scattering particle
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increases. At the phase singularity, Re(f) = 0 and Im(t) = 0, implying the phase singularity is at
the origin. Figs. 5.1(a) and 5.1(b), shows schematic Argand diagrams for a complex function z.
Fig. 5.1(a), shows a typical counter-clockwise contour (ABDEA) of an Argand diagram enclosing
the phase singularity at the origin. Hence for this case, I = +1. The contour trajectory (ABDEA)
is concave throughout with respect to the singular point at the origin. Following Eq. (5.2), the net
change in phase in tracing ABDEA, in Fig. 5.1(a), is 2z. Thus the phase monotonously increases for a
concave trajectory. Fig. 5.1(b) shows a typical contour (FGHJF) of an Argand diagram not enclosing
the phase singularity at the origin. Hence for this case, I = 0. The contour has both concave (FGH)
and convex (HJF) trajectories with respect to the singular point at the origin. Following Eq. (5.2),
the total change in phase in Fig. 5.1(b) is zero. It is possible if the phase increases for the concave
trajectory and decreases for the convex trajectory, the net phase change being zero. This can be easily
verified by calculating ¢ at any point (Re(t),Im(t)) of the trajectory and will be further demonstrated
below. Thus for both Figs. 5.1(a) and 5.1(b), the phase change is determined by the singular point
and the two follow the same principle. As a special case of the two, one can have a situation where
the contour touches the singular point. In which case too the phase change can be understood from
the same principle and will be explained later. Also if it is a closed contour as in Figs. 5.1(a) and
5.1(b), then Eq. (5.2) is exact. In the real systems we will discuss in this work, the contours may not
be closed. However, we will extend Eq. (5.2) to understand such cases too.

Whatever be the shape of a closed contour C, the phase change is given by Eq. (5.2). As a
consequence, the real and imaginary parts of ¢ are not independent of each other but are related. Let
us say the complex transmission amplitude be #(U) = |¢(U)|e’®V) where U can be any parameter like
incident energy or gate voltage. Then

Re(t(U)) = %P _Z WdU’ (5.3)

1, * Re(t(U")) ,

Im(1(U)) =——P | =Sr=2tdu (5.4)

These are the well known Kramers-Kronig relations [51]. Another way in which the relation can be

stated is in terms of Hilbert Transform [50],

Inft (U)] = %P/ 3’,(33411/ (5.5)
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1, [~ (U]

: av’ 5.6

6:(U)=—

Since [ is a conserved quantity, by adding terms to a Hamiltonian (or details to the states in the
scatterer) we cannot remove the phase singularities of the wave function in the complex plane. Phase
changes are typically determined by the phase singularities. Depending on the interaction the Argand
diagram can however change and so a theoretical understanding of the experimental data may not
crucially depend on the details of the sample or model. Sample details can change the shape of
the contour C, but as these theorems state, to understand the phase changes, we do not need all
these details. Englman and Yahalom [50] had shown that the experimental data for scattering phase
shift and scattering cross section of a quantum dot, are consistent with Hilbert transforms. We will
show that the principles of analyticity and Eq. (5.2) can be used to explain most of the puzzles not

understood so far.

5.3 Model Potentials

In this section we analyse scattering phase shifts for different potentials that has been theoretically
studied [72] so far, for analysing the experimental observations [47-49]. Again as explained with Eq.
(5.2), we do not need very complicated realistic potentials to understand the phase shifts but we need
representative potentials that can be exactly solved and help us understand different aspects of Eq.

(5.2).

5.3.1 Double delta function potential in one dimension

Let us first consider scattering by a double delta function potential in one dimension (1D) schemat-
ically shown in Fig. 5.2(a), that was recently studied in ref. [72]. Although a simple potential, it
exhibits pronounced Breit Wigner (BW) resonances. We will use Eq. (5.2) to understand the scatter-
ing phase shift for this system and hence for BW resonances. The scattering potential for this system

can be written as,

Vi(x) =76(x)

Va(x) = 1é(x—a)
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Figure 5.2 (a) Schematic representation for scattering of electrons by a double delta func-
tion potential in one dimension. The direction of incident and scattered electrons are rep-
resented by arrows. The solid line represents a quantum wire with double delta function
potentials at positions x = 0 and x = a respectively shown by cross (X) marks. y; and 9 are
the strengths of the potentials. The dashed lines represent the fact that the quantum wire is
connected to electron reservoirs via leads. (b) Argand diagram for transmission amplitude
for the double delta function potential. (c) Plot of transmission phase shift 6; versus ka and
(d) plot of transmission coefficient |t|? versus ka, for the double delta function potential
using parameters eyja =epa=40,a=1,e=1,2m,=1and i = 1.

where 7] and 7}, are the strengths of potential V| and V5, respectively. The wave function in different

regions marked /, 11 and /11 are (see Fig. 5.2(a)),

ek 4 re*”‘x,for x <0,

Aetkx +Be‘”‘x,f0r 0<x<aq,

1% for x > a.
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2;_’7§"E is the wave vector and

Here r and ¢ are the reflection and transmission amplitudes, k =
E is incident Fermi energy. ¢ =|t | ¢/%, where, 6, = Arctan% is transmission phase shift and
|t| = \/1171(t)27(t)2 is transmission modulus. The Argand diagram for ¢ is shown in Fig. 5.2(b),
where energy is varied to remain within the first Riemann surface. There is a phase singularity at the
origin where r = 0. The Argand diagram encloses the singularity but is not closed in the first Riemann
surface. Figs. 5.2(c) and 5.2(d) shows the transmission phase shift 6; and the transmission coefficient
|t|?, respectively, as a function of ka, using the same parameters as in Fig. 5.2(b).

In Fig. 5.2(b), the contour starts from the origin where E = 0, goes first through point P and then
through Q,R and S. The trajectory facing the singular point at the origin is concave throughout, and
thus as discussed with Fig. 5.1, the phase increases continuously. This is evident in Fig. 5.2(c) where
the points P, Q, R and S are also shown at their respective values of ka. As the trajectory comes closer
to the point of phase singularity, phase changes are very small and energy cost is very high. In Fig.
5.2(b), the energy at the points marked P,Q,R and S are 8.6144%, 9.12a%, 23.61a* and 37.584>. Thus
the energy change in going from P to Q (a large arc in the trajectory in Fig. 5.2(b)) is very small,
whereas the energy change in going from Q to R (a small arc in the trajectory in Fig. 5.2(b)) is very
high. The point R is very close to the singular point. Thus it costs a lot of energy as the Argand

diagram trajectory tries to approach the point of phase singularity.

5.3.2 Stub potential

Another scattering potential often studied [72, 100] to understand the experiments [47-49] is known
as the stub, which is an infinite one-dimensional quantum wire with a finite side branch. A schematic
representation of this system is shown in Fig. 5.3(a). This system is topologically not the same as a
one dimensional system, as in this case the origin (0,0) (see Fig. 5.3(a)) is connected to three other
directions. This potential shows discontinuous phase drops by 7 [72, 100] similar to that observed in
experiments [47,49]. Prior to that this discontinuos scattering phase shift was shown to cause break-
down of parity effect of single particle states [86]. However, if there is an energy scale associated with
such a sharp phase change has remained a puzzle [47]. Heiblum et al [47] quote that ‘The appearance

of a second energy scale in the phase jump between resonances also cannot be understood...”. It sug-
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gests existence of an infinitely large energy scale. We will use Eq. (5.2) to understand why scattering
phase shift can change discontinuously as some parameter is varied. Electrons are incident from left
(see Fig. 5.3(a)) with energy E. The thin lines represent one dimensional quantum wires with zero

potential, while the bold line represents quantum wire with a finite potential V (y) given by,

0,for0 <y <1,
V(y) = Vo, forl <y <,

oo, fory > 1.

The potential V (y) is taken to be imaginary, as it allows us to make the Argand diagram trajectory
approach and cross the point of phase singularity. This cannot be done with real potentials as / in Eq.
(5.2) is a conserved quantity. Imaginary potentials are known as optical potentials [101-104]. They
are often used to simulate the effect of decoherence and open systems. If the system itself changes
(for example from a closed one to an open one) then / may be different for the two cases. When
Vo is O then V(y) is 0 and the system is a closed conserved system. And when Vj is non-zero then

V(y) = iVp and it is an open system. The wave function in the different regions are given by,

kx4 re*"kx,forx <0,
te’®* forx >0,
V(x,y) = Aeky —|—Be*"ky,f0r 0<y<,

Cel10=1) 4 De=ia0=1) for 1, <y <1,

\O,fory:l.

Here r and ¢ are the reflection and transmission amplitudes, k = 4 /%E is the wave vector along

2m,
2

thin lines, g = (E —iVp) is the wave vector along the bold line, and E is the Fermi energy.

Solving the scattering problem using Griffiths boundary conditions [101-104], that the wave function
is continuous and the currents are conserved at the junction at (0,0) in Fig. 5.3(a), we get r and 7 as a

function of energy, E.
1 — ik=q1 ,—~2iki,
r=—tn (5.7)

S TR
L+ 30 i
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Figure 5.3 (a) Schematic representation for scattering of electrons by a stub potential. The
direction of incident and scattered electrons are shown by arrows. The potential, represented
by the bold line along y-axis, is V (y) = iVy. (b) Argand diagram for transmission amplitude
for different values of eVyl, where, e is electronic charge and [ is the length shown in (a).
The thick solid line is Argand diagram for the case when eVy/ = 0, the dot-dashed line is that
for eVyl = 0.5 and the dashed line is for eVyl = —0.5. Here [ = .5/, =1,e=1,2m, =1
and 71 = 1. (c) Plot of transmission phase shift 6, and (d) plot of transmission coefficient | ]2,
as a function of dimensionless wave vector k/, taking the same notations and parameters as
in Fig. 5.3(b).

ik—q1 ,—2ikl
2(1 + ik+q1 € )

ik—q1 ,—2ikl
1 + 3 ik+q1 € !

= (5.8)

where, g1 = g|[cot (q(l —1;))]. Transmission phase shift is given by 6, = Arctanﬁzgg. Fig. 5.3(b)
show the Argand diagrams for the transmission amplitudes, given by Eq. (5.8), for different values
of eVyl, where energy is varied to remain within the first Riemann surface. The thick solid line is for
eVol = 0, the dot-dashed line is for eVy/ = 0.5 and the dashed line is for eVyl = —0.5. There is a phase

singularity at t = 0 marked as S in Fig. 5.3(b). Figs. 5.3(c) and 5.3(d) shows the transmission phase
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shift 6, and transmission coefficient \t\z, respectively, as a function of &/ for different values of eVyl,
using the same parameters and same notations as in Fig. 5.3(b).

In Fig. 5.3(b), if we draw a circle (thin solid line through PABQP) around the phase singularity,
then Eq. (5.2) implies the total phase change along the contour is 27. If the shape and size of the
contour is altered, the net phase change along the contour remains the same provided the contour
encircles the phase singularity. The phase change while going from Q to P along the arrow in the
contour is less than 7 as the phase change in going from B to A is 7. In the limit when the radius
of the circle P,A, B, Q is tending to zero, P approaches A, Q approaches B and P, A, B, Q all coincide
with the singular point S. In this limit going from Q to P would imply a discontinuous phase change
of 7. Therefore a trajectory that tangentially touches the singular point S like the thick solid line for
eVol =0 in Fig. 5.3(b), will exhibit a discontinuous phase change of 7 at S. This phase change can be
seen in the solid line for eVy/ = 0 in Fig. 5.3(c) (at point S marked at the same value of k/ as in Fig.
5.3(b)), where we have plotted the transmission phase shift 6, vs kI. We have already discussed in the
previous section that as the Argand diagram trajectory approaches the point of phase singularity, the
energy cost is very high. So, it is surprising that in a mesoscopic system, one can have such a high
energy scale and one can realize discontinuos phase drops that are generally not seen for classical
wave transport. In fact, it is not a real energy scale but an effective energy scale. Scattering by a stub
can be mapped into a problem of a delta function potential in one dimension where the strength of the
delta function potential is kcot (kl). That is, V¢//(x) = kcot (k1) (x) has same reflection amplitude r
and transmission amplitude ¢ as in Egs. (5.7) and (5.8). This is an effective potential that the electrons
encounter while the real potential is V) = 0. At kKl = 7, a small change in k or [/ means a very large
change in the effective potential V¢//(x). Such large effective energy scales are known in other areas
of condensed matter physics, for example, the effective electron mass becomes o at the band edge.

For eVyl = 0.5, the Argand diagram trajectory shown by the dot-dashed line in Fig. 5.3(b), inter-
sects the Re(t) axis at point N at k/ = w. The Argand diagram trajectory facing the phase singularity
at S is concave throughout. So, Eq. (5.2) implies a monotonously increasing phase. This phase
behaviour can be seen in the dot-dashed line in Fig. 5.3(c) where we have plotted the transmission

phase shift 6; vs kI and marked N at kl = «. For eVl = —0.5, the Argand diagram trajectory shown
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by the dashed line in Fig. 5.3(b), intersects the Re(r) axis at point M at kI = w. The Argand diagram
trajectory facing the phase singularity is partially convex and partially concave. As discussed with
respect to Eq. (5.2), the phase increases for the concave part and decreases for the convex part of
the trajectory. This phase behaviour can be seen in the dashed curve in Fig. 5.3(c) where we have
plotted the transmission phase shift 6, vs kI and marked the point M similarly. Therefore, if eVl is
continuously changed from 0.5 to —0.5, then the point N moves to M crossing the point of phase
singularity. This implies that with an imaginary potential, just by changing sign of the potential it is
possible to cross the singular point. / for dot-dashed line is 1 and that for the dashed line is 0. In other
words by changing an imaginary potential we can make / change from 1 to 0. This is difficult with
a real potential. If we tried to cross the singular point with real potentials it would cost an infinite
amount of energy. We have discussed an effective real potential that can make an Argand diagram
trajectory tangentially touch the point of phase singularity. Any effective potential that can make
Argand diagram trajectory cross the point of phase singularity is not known.

In Fig. 5.3(c), we observe two different types of phase drops. For eVy/ =0, we get a discontinuous
phase drop (shown by the solid curve in Fig. 5.3(c)) and for eVl = —0.5, we get a gradual phase drop
(shown by the dashed curve in Fig. 5.3(c)). If we make eVyl < —0.5, the point M in Fig. 5.3(b) will
shift more to the right and the phase drop will be less in magnitude and also less sharp. In Fig. 5.3(d),
using the same parameters and same notations as in Figs. 5.3(b) and 5.3(c), transmission coefficient
\t\z is plotted as a function of kl for different values of eVyl. The inset in Fig. 5.3(d) shows the
transmission coefficient [t|? in exponential scale in the region around kI = 7t (shown by dotted circle).
At kl = 7, the thick solid curve for eVl = 0 goes to zero, while the dot-dashed and dashed curves for
eVol = 0.5 and eVpl = —0.5 respectively, go through a non-zero minima. The phase behaviours for
dot-dashed and dashed curves are completely different as can be seen from Fig. 5.3(c).

Thus in this section, we have explained using Argand diagram and Burgers circuit, why phase
(scattering phase shift) drops can occur discontinuously? Why such a phase drop can disappear or
change from discontinuous to gradual? The gradual phase drop in the dashed curve of Fig. 5.3(c)

at M is related to the analytic property of complex transmission amplitude and how the trajectory

encloses the singularity. Whether the gradual drop is sharp or slow, depends on the distance SM (Fig.
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Figure 5.4 Schematic representation for scattering of electrons by a one dimensional delta
function potential. The position of a delta function potential is shown by cross (X) mark.

5.3(b)) at which the convex trajectory intercepts the Re(r) axis.

5.3.3 Single channel quantum wire

The next scattering potential we consider, is a delta function potential in a single channel quantum
wire [89]. This essentially means, there is a single propagating channel while all other channels are
evanescent. These evanescent channels are characteristic of quasi one dimension (Q1D), and make
this scattering potential completely different from that of a delta function potential in one dimension
[105-107]. This system gained relevance with respect to the experiments of Schuster et al. [47],
Yang Ji et al. [48,49], etc., because it too shows phase drops [87] like those observed in case of the
stub. The delta function potential can create a bound state in the continuum and it is this bound state
that non-trivially affects the scattering. Any other potential in quasi one dimension that can sustain
a bound state will produce similar effects. Essentially, such a bound state cause a Fano resonance
which is at the heart of the features observed for this potential. In this section we will explain the
scattering phase shift for this potential from Argand diagram. The system is shown in Fig. 5.4. The
quantum wire is shown by solid line with a delta function potential at position (0, y;) shown by a cross
mark. W is width of the quantum wire. The dashed lines represent the fact that the quantum wire is
connected to electron reservoirs via leads. Electrons are injected from the left reservoir into the left
lead. The electrons are allowed to propagate along x direction, but confined along y direction. The
confinement potential in the leads is taken to be hard wall potential and is given by,
oo for |y > 7,

Ve(y) =
0,for |y| < %
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Figure 5.5 (a) Argand diagram for transmission amplitude and (b) plot of transmission
phase shift 6,,, versus EW, for scattering by a delta function potential in a single channel
quantum wire. Here eyW = —1.5, y; = 0.21W,e = 1,W =1 and we have considered 500
evanescent modes.

The direction of propagation is shown by arrows. The scattering potential shown by cross mark is

given by,
V(x,y) = v8(x)8(y - i)

Here v is the strength of the delta function potential. The asymptotic wave function in different

regions are shown in Fig. 5.4. One can solve the scattering problem [77] to find,

Iy
2% 2k1

r
1+ Zn>2 znn + lz/i:

ry ==

(5.9

rnn
1+Zn>22;( 510
= " — (5.10)
+Zn>22 +12k1

Here rq; and 1 are the reflection and transmission amplitudes and I, is given by,

Com = Ysin ['x(ﬁ‘;jﬂsin [";:(J;ﬂ (5.11)

where, m and n are integers. k; = \V T 2me I is the wave vector for the propagating channel, Y,

272 .
denotes sum over evanescent modes, K, = ”W’§ — Z;EE where n takes values 2,3, ...c0 and E is the

Im(tll)
Re(ti)

The Argand diagram for transmission amplitude #;; is shown in Fig. 5.5(a). There is a phase

incident Fermi energy. Transmission phase shift is given by, 6, = Arctany

singularity at the origin where, #; = 0 (shown by the point §). Fig. 5.5(b) shows transmission phase
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Figure 5.6 Schematic representation of scattering of electrons by a three prong potential.
The direction of incident and scattered electrons are shown by arrow heads. The potential is
non-zero along the bold lines of lengths /, /; and [ along —x, +y and +x axes, respectively.

shift 6;,, as a function of energy, for the same parameters as in Fig. 5.5(a). In Fig. 5.5(a), the trajectory
(shown by thick solid line) starts from the origin (point marked S) goes upto point Q, and traces back
the same path to pass the origin making SQOS a closed contour. The direction of the trajectory is
therefore shown by a double headed arrow. At the energy, where the trajectory goes from Q to S and
touches the point of phase singularity at origin, i.e. point S, we expect a discontinuous phase drop of
7, following the same argument as in the case of the stub. This phase drop can be seen in Fig. 5.5(b),
where the points Q and S are also marked at their respective energies. Thus the discontinuous phase

drop is a natural consequence of Eq. (5.2).

5.3.4 Three prong potential

We now consider another potential called the three prong potential [90]. This potential will help us
to demonstrate other non-trivial aspects that follow from Eq. (5.2). A schematic representation of the
three prong potential is shown in Fig. 5.6. The thin lines represent one dimensional quantum wires
with potential V = 0, and the bold lines represent quantum wires with non zero potential, i.e., V # 0.
The arms of the prong are labelled as 1, 2 and 3 as shown in Fig. 5.6. The electrons are considered
to be incident from left, the direction of incidence being shown by arrows. The wave function in the

different regions are given by,
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Figure 5.7 (a) Argand diagram for transmission amplitude f,; and (b) plot of scattering
phase shift 6,,, as a function of k/ varying the wave vector from 0 to 12. (c) Argand diagram
for transmission amplitude #3; and (d) plot of scattering phase shift 6,,, as a function of
kl varying the wave vector from O to 12. For all the figures, [ =1, [ = 5[, e =1 and
eVl = —1000.
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2m,
72

2m,

where k = o

E is the wave vector along the thin lines, g = (E —V) is the wave vector along
the bold lines and E is the Fermi energy. Here ry; is the reflection amplitude for electrons incident
from 1 and reflected back to 1, f; is the transmission amplitude for electrons incident from 1 and

transmitted to 2 and #3; is the transmission amplitude for electrons incident from 1 and transmitted

to 3. These scattering matrix elements can be solved using Griffiths boundary conditions [101-104].

Im(r1y)
Re(r”)

Im(l21)

Re(tzl) and

The respective transmission phase shifts are given by, 6,,, = Arctan

, 6, = Arctan

Im(t31)
Re(t31) :

0;,, = Arctan

Fig. 5.7(a) shows the Argand diagram for transmission amplitude ;1. There is a phase singularity
at the origin, where #;; = 0. In Fig. 5.7(a) the trajectory of Argand diagram for #,; starts from the
origin, goes through P and then through Q,R and S following counter-clockwise direction shown by
arrows. The trajectory is concave throughout and Eq. (5.2) implies monotonously increasing phase.
This monotonously increasing phase can be seen in Fig. 5.7(b), where scattering phase shift 6,,, is
plotted as a function of k/ and here also the points P,Q,R and S are marked at the corresponding
values of kl.

The Argand diagram for #3; shows something interesting. This Argand diagram is shown in Fig.
5.7(c). There is a phase singularity at the origin, where #3; = 0. In Fig. 5.7(c), the trajectory of Argand
diagram for f3; starts from origin, goes through P and then through D,A,B,Q, F,R and S, following
counter-clockwise direction shown by arrows. Here interestingly, the trajectory develops a sub-loop
ABQFA. This sub-loop results in a convex arc BOF in the trajectory that does not go through the
origin. There will be a gradual phase drop whenever such a convex arc is observed, following Eq.
(5.2). This can be seen in Fig. 5.7(d), where scattering phase shift 6;,, is plotted as a function of &/
and here also the points P,A,Q,R and S are marked. Presence or absence of such a sub-loop has no
consequence on the line integral of phase along PDABQFRS. This is because the contribution to the
line integral coming from the sub-loop ABQFA is 0 and its presence or absence has no bearing on the
value of 1. So, such a sub-loop as ABQFA in Fig. 5.7(c) can appear or disappear as some parameter

is varied as will be demonstrated in the next section.
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5.4 Injectance and Friedel sum rule

Local partial density of states (LPDOS) is defined as [53,61,97,98]

: (4 Bsap s
plarp)= ATi (saﬁSV(r) S“BSV(r) 612

Here, sq8 = Sap | ¢'®as is the scattering matrix element for electrons incident from channel 8 and
transmitted to channel & and % stands for a functional derivative with respect to the local potential
V(r). Time spent at r by an electron going from channel 8 to @ is given by [53]
/ h /
T (Ot,r,ﬁ) = 72p (aarvﬁ)
|s ocﬁ|
Therefore, time spent by an electron going from channel f to &, within the scattering region is given

by [53]

(B = —— [ ar'p'(er.p) (5.13)
’saﬁ‘z Screg

where, ‘Screg’ stands for scattering region. For a mesoscopic sample coupled to leads, this scattering
region is by definition the sample [53]. So, partial density of states (PDOS) of a mesoscopic sample

is defined as [53]

_ U i Osap  Osup

pla.f) = —1— /mmpledr <saﬁ SVl P (5.14)
— _i 3 2565043
= 5 /mmpledr <\saﬁy SV (5.15)

PDOS are quite physical and manifests in a variety of experimental situations in mesoscopic systems
[53,97,98]. For example, decoherence in the scattering region is proportional to the time electrons
spend in the scattering region. As another example, consider a sinusoidal voltage of frequency ,

Vg () applied at incident lead 8. The current measured at lead o will be [53],
Io(®) = Gop(0) V(o) (5.16)
where, G5 (®) is the dynamical conductance matrix and is given by [53],

Gap(®) = Gy — i®Eqp + Kap @ + O(@”) (5.17)
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Gg B is the de-conductance matrix. Eqg is proportional to @ and governs the displacement currents

and is given by [53],

Eop = ép(at.B) —ez/dr’p(oc,r’)/drg(nr’)p(r,ﬁ) (5.18)

where, g(r,r’) is the effective interaction potential.
The integration over r in Eq. (5.14) can easily be done for a global change (for all r in the sample
as well as in the leads) in V(r) by a constant amount €, i.e. 8V (r) = € for all r. Such a constant

global increase in potential is equivalent to decrease in incident energy E, i.e.,

o d
dr? = 5.19
/global oV(r) dE ( )
and, therefore,
é d
ar® —— =~ 5.20
/sample SV(I') dE ( )
is expected to work in the semi-classical limit [61]. So, from Eq. (5.14)
1 Os Ss!
’ - d 3 T ap _ ap
pla.f) 4 /m, ' (s"‘* sv(r) P svr)

%

e (4 Bsap  Bsy
Ami /globaldr (saﬁ oV(r) Sap oV(r)

1 [+ dsop dijﬁ :
o, p(at,B) = ami\Sap g " SeBp (Using Eq. (5.19))
On simplifying we get,
1 db;,
pla.p) ~ 2n(soc;s|2dEﬁ> (5:21)

de: . . . . . . . .
It is known that dgﬁ can be negative. Eq. (5.21) is an approximate equality, which implies if

R.H.S is negative, the L.H.S is not necessarily negative. In spite of the approximate equality in Eq.
(5.21), PDOS p (e, ) too can be in principle negative as can be demonstrated from Eq. (5.14) for
some strictly 1D simple potentials in very low energy regime. 1D potentials are an idealization and
not physical and neither one can go to the necessary low energy regime in an experiment. The prob-

lem was theoretically studied in two different ways strictly in 1D. One is negative PDOS and the other
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is negative time scales. Measured time scales did not lead to any unique physical understanding and
a review on the topic can be seen in ref. [108]. Ref. [108] did conclude that p(c, ) or 7(ot, ) are
physical and later on found to be so [53]. But regimes where they become negative has not received
any attention beyond 1D. In other words negative p(o,3) has not yet been shown for any physical
system. Negative slopes in scattering phase shift in mesoscopic systems has recently gained promi-
nence. First they were observed to lead to breakdown of parity effect [86] and then they were also
measured [47-49]. Experiments [47-49] inspired many theoretical papers that study negative slopes
in scattering phase shift in mesoscopic systems [50,70-72,87, 88]. In section 5.3, we have explained
these negative slopes in scattering phase shift of mesoscopic systems (sometimes discontinuous and
sometimes gradual) using Argand diagram. It has been emphasised that these negative slopes are a
consequence of the topology of the Argand diagram contour. Hence, these negative slopes do not de-
pend on the details of the scattering potential but are manifestation of the fact that the Argand diagram
has a few limited options. Any realistic potential in Q1D can show negative slopes. The scattering
potentials considered in refs. [89,99] are realistic multichannel scattering problems.

PDOS as defined in Eq. (5.14) can be negative without violating any physical principle, because
they add up to give the correct DOS [53]. One can sum the PDOS (given by Eq. 5.14) over « to get
injectance [53,61,99] of lead f3,

_ 1 Y L. Osup 52
p(ﬁ)__él-ﬂ'i;jample r Saﬁ (SV(I') _Saﬁ 5‘/(1') ( ’ )

This is a measure of current delivered by the electrons incident along lead 8 and outgoing through

all possible leads. Similarly injectance can be defined for all possible leads and they are completely
independent of each other. For example, the scattering problem depicted in Fig. 5.6 can define p(1).
To get p(2) one has to solve a completely different scattering problem where the incident particle is

from lead 2. Using Eq. (5.20) we get for the semi-classical limit of Eq. (5.22),

4
o~ L v dsap BSap
p(ﬁ) ~ R; (s(xﬁ dE ~Sap dE (5.23)

Summing p(f) over the B independent channels, we can obtain density of states (DOS) p(E), i.e.,

from Eq. (5.22),
1 650([3 531;[3

- 3t _
p(E) N 4ri %Kample dr (saﬁ SV(I') Sap 6V(I‘)> (524)
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and in the semi-classical limit given by Eq. (5.20), we get,

N
1 - ds[xﬁ dsaﬁ
E)~ — ! — 2
P(E) 471:1';3' (saﬁ dE P4 (523)
Further simplification of Eq. (5.25) gives
np(E) =~ —06¢(E) (5.206)

This is Friedel sum rule (FSR), where 8/ (E) = . & log(det[S]) is the Friedel phase, S is the scattering

matrix and p(E) = dlZl%E)

is density of states. Since injectance of all leads are independent while they
add up to give FSR, it is important to understand injectance in order to understand FSR.

The potentials in sections 5.3.2, 5.3.3 and 5.3.4 are typical examples of mesoscopic systems, and
as reported in ref. [72,89,90], FSR (or injectance) manifests in these systems, in different ways. Semi-
classical regime being expressed by Eq. (5.20) is not sufficient. Sometimes, FSR (or injectance) is
exact at all energies (for example the stub [72]) and sometimes it is exact at an energy where quantum
fluctuations dominate [89]. There is a huge amount of system to system variation. It has been proved
very generally that when the phase drops of 7 are discontinuous like the solid curve in Fig. 5.3(c),
then at the energy corresponding to this drop injectance will become exact [89]. But when the phase
drops are gradual like the dashed curve in Fig. 5.3(c), this has not been proved in general but shown
for particular cases [89,99]. The potentials considered in refs. [89,99] are also realistic multichannel

scattering problem.

desaﬁ

In this section we will prove that negative —

in mesoscopic systems definitely signify nega-
tive PDOS. Also we will show that when there are such negative slopes in scattering phase shift of
mesoscopic systems then semi-classical FSR can become exact in a quantum regime. Once again our
proof will depend on Argand diagram and Eq. (5.2) and as our proof will be general and not depend
on the specific properties of the scattering potential.

Let us first make the connection between Eq. (5.2) and injectance. When S matrix is 2 x 2 (for
example, the cases of double delta function potential (Fig. 5.2(a)), stub (Fig. 5.3(a)), single channel

quantum wire (Fig. 5.4)), Eq. (5.26) simplifies to,

d

T O(E) ~ Tp(E) (5.27)
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Here ¢ is the transmission amplitude and 6; = Arctan%. Suppose when the energy is varied from

0 to Ej, then the Argand diagram for a typical scattering matrix element ¢ traces a closed contour C.
For such a case,

?f d6, = 27N (Ey) (5.28)
C

where, N(E) is number of states (obtained by integrating DOS p(E) from O to E;) below energy
E;. Thus in a scattering problem, Eq. (5.28) is equivalent to Eq. (5.2). Comparing with Eq. (5.2)
we see ¢ = 6, and S = N(E;). If C happens to be a completely closed contour, Eq. (5.28) is exact
as it is equivalent to Eq. (5.2). Any complex function or its phase has to satisfy Eq. (5.2) and a
scattering matrix element is no exception provided it is analytic. However, in most cases of scattering
problems, C is not completely closed. In Fig. 5.2(b), there is a phase singularity at the origin and
the contour enclosing the singularity is not closed in the first Riemann surface. One can restrict the
discussion to the first Riemann surface to understand the injectance. When the contour continue to
the second Riemann surface, then the contour integral starts including contribution from the second
phase singularity in the second Riemann surface. And then one has to extend the discussions here to
include the effect of the second singularity. This does not change the arguments given here except
that sometimes the error from the first Riemann surface can cancel the error from the second Riemann
surface which need not be a systematic behaviour. The contour C in Fig. 5.2(b) starts from origin
with zero energy and ends in the first Riemann surface at point marked as S, where the energy is E|

(say). It is now known that (see Eq. (6) in ref. [70,71]),

B[ _aN(E) LOF¢
Cld@, = /0 [Jr IF —ImTr(G aB)}dE (5.29)

We will replace C by C’, when the contour is not completely closed. G“ is the advanced Greens
function and F“ is self energy due to coupling the system with the leads. One can then assume that

OE‘ ImTr (G‘Z%) dE is the correction term to Eq. (5.28) arising because contour C’ is not closed.
This assumption can be justified because, when the self energy is energy independent, then the contour
Cis closed as well as the correction term is zero implying Eq. (5.29) becomes Eq. (5.28). For a double
delta function potential in one dimension the correction term is very important to consider. There,
energy dependence of self energy can be seen very easily in the broadening of consecutive resonance

peaks (shown in Fig. 5.2(d)).
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In case of the solid line in Fig. 5.3(b), the potential everywhere is real and is 0. It traces a closed
contour in the first Riemann surface. Thus for this system Eq. (5.28) will become exact. Explicit
calculations of density of states [72] for the stub show this and so everything is consistent with Eq.
(5.2). However, for scattering by a delta function potential (Fig. 5.4) in a single channel quantum
wire we get a counter intuitive result. In this case, the contour of the Argand diagram (shown in Fig.
5.5(a)) is closed in a special way and so we expect Eq. (5.28) to be exact. But explicit calculations
of density of states [89] show, that is not the case. It has been shown earlier that for this system
the fundamental theorem of Biittiker-Thomas-Pretre (BTP) also breaks down [109] due to the non-
analyticity of scattering matrix elements. This is a consequence of the fact that delta function potential
in Q1D incorporates a log divergence in scattering matrix elements. Hence this is a situation where
Eq. (5.2) cannot be applied.

For the three prong potential, shown in Fig. 5.6, the scattering matrix is 3 x 3 and the correct
form of FSR is given by Eq. (5.26). Whenever the scattering matrix has a rank greater than 2, the
connection between FSR in Eq. (5.26) and Eq. (5.2) is not straight forward. However, we can make
this connection for each partial density of states (PDOS) and is shown below. Let us consider the
Argand diagrams for the three prong potential shown in Figs. 5.7(a) and 5.7(c). None of the Argand
diagrams (e.g. Figs. 5.7(a), 5.7(c)) are closed in the first Riemann surface. Let us, for example,
consider the Argand diagram for f3; tracing a contour C' (PDABQFARS shown in Fig. 5.7(c)) as

energy is varied from 0 to E;. We can show that (see Appendix D.1),

Ep(3,1)(
/ 6, ~ 27 ]p 2 dE (5.30)
c |t31|

Now we can safely assume that for any closed curve like ABQFA in Fig. 5.7(c), Eq. (5.30) is exact.

That is,

1)(E
7{ 6, = 27:]{ p(3’7)2()dE (5.31)
ABQFA ABQFA  |t31]

This assumption can be justified as follows. For a closed contour, L.H.S of Eq. (5.31) is zero. Also
for a closed contour R.H.S of Eq. (5.31) will be zero as justified in Appendix D.2. Hence from Eq.

(5.14) it follows that R.H.S of Eq. (5.31) is also zero. Now,

do,
}{ de,, = 7{ —BL4E =0 (5.32)
ABQFA ABoFA dE
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Figure 5.8 djgl as a function of &/ for the three prong potential. Here / = 1,1, =5l,e =1

and eVI = —1000.

In Fig. 5.8, djg‘ is shown in the energy range covering the sub-loop ABQFA of Fig. 5.7(c). Asis
implied by Eq. (5.32), d;g‘ is somewhere positive and somewhere negative to ensure the area under

the curve (shaded region in Fig. 5.8) is zero. Similarly the R.H.S of Eq. (5.31) is zero implies that

pB1)(E)
|31 ]2

, will also be positive as well as negative in certain energy values (or kI values). Thus p(3,1)
is conclusively negative in some energy values.

We will now show how negative slopes in mesoscopic systems are fundamentally different from
that studied earlier [108] in 1D. Note the negative slope at point P in Fig. 5.7(d). This kind of negative
slope at very low energies can arise for scattering in 1D and one can easily check this for a square
well potential. In terms of our analysis we understand the negative slope at point P in Fig. 5.7(d)
due to a convex trajectory at P in Fig. 5.7(c) which is originating due to the fact that the Argand
diagram starts from the origin and behaves anomalously as the trajectory starting from the origin is
neither clockwise nor anti-clockwise with respect to the singular point (i.e. origin). See the expanded
Argand diagram trajectory shown in the inset of Fig. 5.7(c). The trajectory moves up, turns around
and moves down to become convex in a small energy window and then winds around the origin

6,

dg‘ is negative at P in Fig. 5.7(d), there is no conclusive evidence that

anti-clockwise. Although
PDOS p(3,1) is negative at energy corresponding to point P. Such a negative slope is fundamentally

different from the negative slope at Q in Fig. 5.7(d) that originate from a closed sub-loop ABQFA in



5.4 Injectance and Friedel sum rule 109

Fig. 5.7(c), that we encounter only in Q1D and mesoscopic scattering. We have shown that the sub-
loop seen in Fig. 5.7(c) implies the presence of this negative slope in scattering phase shift 6,,, and
also implies PDOS p(3,1) is negative. We have shown that an Argand diagram for such a scattering
matrix element curls around and forms a sub-loop without violating the topological constraints of
Eq. (5.2). The line integration along the sub-loop ABQFA in Fig. 5.7(c) does not contribute to the
line integration over the trajectory PDABQFARS of Fig. 5.7(c) or I in Eq. (5.2) is unaffected by
the presence or absence of a sub-loop in the closed contour C. Negative slopes of this second type
(i.e. observed at Q in Fig. 5.7(d)) that we have discussed here in-fact can appear or disappear very
easily and can be found at much higher energies. In Fig. 5.9, we have shown the Argand diagram
for t31 upto very high value of energy (or, k). We can see many sub-loops which again implies the
presence of negative slopes in scattering phase shift and negative PDOS. Sometimes there is a cusp
in the Argand diagram and such a cusp means a sub-loop has disappeared [94]. Thus the phase drop
will also disappear as we go to such energies. Disappearance of a sub-loop can be demonstrated by
varying any other parameter like V,/,/; of the three prong geometry.

p(3,1) being negative is a counter intuitive feature of quantum mechanics and can have inter-
esting physical significance. Obviously, ac-response of a mesoscopic system will change drastically
if p(a,B) in Eq. (5.18) changes sign. Also, it means an electron that is incident along lead 1 and
transmitted to lead 3, dwells in some negative number of states (PDOS is negative) inside the scat-
terer. Total charge being electronic charge times number of states will be positive for these negatively
charged electrons. So other electrons that are incident along lead 1 and transmitted to lead 2 or re-
flected back to lead 1 will be attracted by this positively behaving charge of electrons going from
1 to 3. This could be the explanation for the electron-electron attraction observed in the numerical
experiment of ref. [110], where no explanation could be given. In the next section we will argue that
this could have been also observed in an experiment.

Now let us try to understand if there is a connection between negative slope and injectance be-
coming exact as observed in some earlier works [99]. Eq. (5.31) holds for the integrals and does not

imply equality of the integrands. However, using Eq. (5.21) we can write

1 2 d 0,

3)1) =~ —I|t

(5.33)
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Figure 5.9 Argand diagram for transmission amplitude #31, varying k/ from 0 to 50, for the
three prong potential. Here [ =1, [, =5/, e = 1 and eV = —1000.

1 2d0,,

p2.1) =~ ol (5.34)
p(l,1) ~ %!m\z% (5.35)
Finally using Eqs. (5.33), (5.34) and (5.35), we can write
p(L,1)+p(2,1)+p(3, 1)~
ﬁ’rll\z%-i-%\lzl!zdjg +$\l31|2% (5.36)

L.H.S of Eq. (5.36), i.e., ¥, p(@,B) is well known as injectance as defined in Eq. (5.22). The R.H.S
of Eq. (5.36) is the semi-classical limit of injectance. The topological interpretation of Eqgs. (5.33),
(5.34), (5.35) in terms of Argand diagrams leading to Eq. (5.36) is very useful. The correction term

to Eq. (5.36) is known [99] i.e.,

p(171)+p(271)+p(371) =

d6I31 mﬂ"ll’ .

1 do
JE Wsm(()rl1 ) (5.37)

o !1”11\27214-\@1\2

do,,

2
t

Let us say that,

p(1)=p(1,1)+p(2,1)+p(3,1) (5.38)
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Figure 5.10 (a) Argand diagram for reflection amplitude r;; and (b) plot of reflection phase
shift 6,,,, versus ki for the three prong potential. Here [ =1, [, =51, e =1 and eVI =
—10000.
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Figure 5.11 Plot of exact injectance p(1)¢ (solid line) and semi-classical injectance p(1)*
(dashed line) as a function of k/ for the three prong potential. The peaks in the injectance

are shown separately, (a) shows the first peak, (b) shows the second peak, for the same
parameters as in Fig. 5.10. The insets show the magnified curves at points M and N.

is exact injectance, defined in Eq. (5.22). And,

1 2d9r11

- |I’ ’ 2d9l‘21
2 | TdE

dE

Zdetsl

1)’ 53
p(1) + |ta1| + |ta1] i (5.39)

is generally referred to as semi-classical injectance. Eq. (5.37) implies that p(1)¢ and p(1)* will be
equal at energies, where the correction term is zero or |ry;|sin(6,,,) = 0. According to the arguments
of Leavens and Aers [74], in the semi-classical limit |r;;] — 0 and p(1)* = p(1)¢. But in all the
cases of studies on injectance or FSR in mesoscopic systems [89,99], |ri1| # O at the energy where

p(1)* = p(1)¢, but not very consistently as already discussed in the paragraph after Eq. (5.26). We
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Figure 5.12 Plot of reflection phase shift 6,,, versus k/ for the three prong potential. Here
[=1,1p =5],e=1 and eVI = —1000.
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Figure 5.13 Plot of exact injectance p(1)¢ (solid line) and semi-classical injectance p(1)*
(dashed line) as a function of k/ for the three prong potential. The peaks in the injectance
are shown separately, (a) shows the first peak, (b) shows the second peak, for the same
parameters as in Fig. 5.12. The insets show the magnified curves at points F and G.

will show how the Argand diagram is responsible for this behaviour and therefore provides a general
understanding. In Figs. 5.10(a) and 5.10(b), we have shown the Argand diagram and phase shift
for scattering matrix element r;, respectively. k! is varied from O to 12 in both the plots. The
Argand diagram in Fig. 5.10(a) is restricted to one side of the phase singularity (i.e. origin) and in
the first Riemann surface resulting in sub-loops. This will naturally mean that, the contour has both
concave and convex parts in the trajectory. Scattering phase shift in Fig. 5.10(b) increases with kI,
reaches a peak value and then drops to become 7 at M. The pattern repeats as kl increases and the

scattering phase shift becomes 7 again at N. Therefore the correction term |ri;|sin(6,,,) to semi-
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classical injectance (Eq. (5.37)) is zero at M and N. Thus at M and N, the semi classical injectance
(Eq. (5.39)) is exact. The exactness of semi-classical injectance is shown in Fig. 5.11 (for clarity
see the inset) at points M and N corresponding to same k[ values as in Fig. 5.10. For monotonously
increasing phase, Argand diagram extends to higher Riemann surfaces and line integrals include the
effect of other singularities in higher Riemann surface. Of course phase can be integral multiples of
7 (i.e., 2m,3x,..), but for open Argand diagram trajectories as argued before, this is not a consistent
behaviour, except in some simple one dimensional scattering problems. This inconsistent behaviour
can be for example, checked for an one dimensional Aharanov-Bohm ring with different arm lengths.
Drops in 6,,, resulting in 6,,, being & and sin(6,,,) = 0, leading to semi classical injectance being
exact can be understood from the Argand diagram in a single Riemann surface, involving a single
phase singularity in the line integral and hence is not an accident. Drops in 6,,, is a pure quantum
mechanical behaviour and hence exactness of semi classical injectance at the energies corresponding
to the phase drops, is counter-intuitive. As argued before, these drops coming from sub-loops in
Argand diagram are tunable and can be removed by varying some parameter. In Fig. 5.12, we plot
the phase behaviour for the same system, after decreasing the potential V' of the same system as in
Figs. 5.10 and 5.11. The phase drop at point F' as usual decreases to 7, and hence semi classical
injectance is exact at this point which can be seen in Fig. 5.13(a). Point F is marked at the same
value of k/ as in Fig. 5.12. But, in Fig. 5.12, the phase drop at G is now not sharp enough to decrease
to m. It is due to tuning the potential, that the sub-loop has now reduced in area, and consequently
the drop has also reduced and will eventually disappear. At such point p(1)¢ is not equal to p(1)*,
i.e. semi classical injectance is not exact in spite of a phase drop. This can be seen in Fig. 5.13(b))
where point G is marked at the same value of k/, as in Fig. 5.12. One would have expected that
when we decrease the potential and make it weaker, semi-classical behaviour will be favoured. But
on the contrary, for stronger potential the semi-classical injectance is exact at point N in Fig. 5.10(b),
while for a weaker potential in the same system the semi-classical injectance is not exact at point G
in Fig. 5.12(b). Therefore, the drops in scattering phase shift of mesoscopic system, originating from
sub-loops in Argand diagram involves completely new physics. One has to discard the usual concept

of semi-classical regimes wherein the de-Broglie wavelength of the electron is much smaller than the
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Figure 5.14 Transmission coefficient and scattering phase shift evolution in a QD as the
coupling between the dot and leads is changed. This figure is taken with permission, from

ref. [48].

scale of the potential, mathematically expressed by Eq. (5.20) [61].

5.5 Comment on Experimental Observations

We will try to construct the Argand diagram from the experimental data given in refs. [48, 85], to
see if something can be understood. Yang Ji et al. [48] measured the transmission coefficient and
transmission phase shift of a quantum dot (QD). The experimentally observed transmission coefficient
and transmission phase shift as a function of gate voltage, for different coupling strengths between
QD and the leads, are shown in Fig. 5.14. A phase drop is observed in Fig. 5.14D when the coupling
strength is small. As coupling gradually increases, the dot enters the strongly interacting regime
and the phase drop decreases and finally vanishes. This gradual phase disappearance follows the

sequence D to A in Fig. 5.14. We have seen in our theoretical calculations that such phase drops
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Figure 5.15 Argand diagram for the transmission amplitude, obtained from Fig. 5.14. In
this figure the labelling A,B,C,D follows that in Fig. 5.14.
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Figure 5.16 (a) Typical transmission coefficient and scattering phase shift of a QD in the
Kondo regime. This figure is taken with permission from ref. [85]. (b) Argand diagram
for transmission amplitude constructed from the experimental data. (c) We hope future
experiments will give such Argand diagrams in greater resolution and how they evolve. For
example an Argand diagram that encircles the phase singularity (solid line) can develop
lobes (dotted line) and finally reduce to the Argand diagram in (b) as Kondo effect sets in.
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can disappear and there are two possible reasons. One possibility is that when the coupling to leads
is changed then it introduces some de-coherence for which the Argand diagram trajectory crosses
the singularity and / changes from O to 1. The second possibility is that / remains conserved and
the Argand diagram trajectory develops a sub-loop. Argand diagrams can be constructed from the
experimental data given in Fig. 5.14 and is shown in Fig. 5.15. There is a lot of fluctuations in
the data probably due to experimental error. However, one can roughly see that there is a sub-loop
abca in Fig. 5.15, that gradually decreases in area as we go from D to A and clearly disappears
in A with the formation of a cusp. The experimentalists had thought that as coupling increases,
Kondo effect sets in and the disappearance of phase drop could be due to that. However, the phase
behaviour seen in Fig. 5.14A is not typical of Kondo resonance. Typical phase behaviour of Kondo
resonance is that, it increases by 7 and forms a plateau. Such a behaviour was observed by the same
experimental group [85] subsequently, in which they restricted the dot occupancy to one electron,
and is shown in Fig. 5.16(a). One may conclude that the disappearing phase behaviour in Fig.
5.14A has nothing to do with Kondo effect. We have already discussed in section 5.4, that when
Argand diagram of transmission amplitude shows a sub-loop, PDOS associated with the transmitting
electrons is negative. The transmitted particles and reflected particles can attract each other and that
can result in a bound state. This bound state is expected to be effective only in the strongly interacting
regime, i.e. for the case of Fig. 5.14A. In the weakly interacting regime, we may not see any effect
of this interaction induced bound state and the phase drops occur very generally in scattering by a
mesoscopic system. We hope future experiments will focus on how Argand diagram evolves as one

observes changes in scattering phase shift.

5.6 Conclusions

Argand diagram of scattering matrix elements are drawn for different model potentials and for a few
experimental data. Several conclusions can be drawn from the properties of the Argand diagram with-
out referring to the Hamiltonian or to the scattering potential. Usually the Argand diagram trajectory
encircles the phase singularity. But in mesoscopic systems we find that the Argand diagram develops

sub-loops. The sub-loop does not enclose the phase singularity at the origin and hence topologically
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allowed. The sub-loop can therefore appear or disappear on varying some parameter. It does not
matter what parameter (say E) is varied to obtain the Argand diagram or what parameter (say V) is
varied to make the sub-loop disappear. Many unexplained features so far can be explained by the
appearance and disappearance of such a sub-loop. When the sub-loop appears there will be a drop
in the scattering phase shift and when the sub-loop disappear the drop will also disappear. Hence
appearance and disappearance of phase drop is also very natural and poses no conceptual problem.
Just as the sub-loop appears on varying some parameter, it can also grow in size as the parameter is
varied. As the sub-loop becomes large and comes closer to the origin the phase drops also become
large and sharp making the scattering phase shift decrease to 7 and then injectance or Friedel sum
rule becomes exact. This is very counter intuitive as the strong phase drop signifies onset of pure
quantum mechanical behaviour while Friedel sum rule is expected to become exact in semi-classical
regimes. Also we prove that whenever there is a sub-loop (big or small) there will be negative partial
density of states. For example if there is a sub-loop in the range AE then there is also negative partial
density of states in the range AE. Conclusive evidence of negative partial density of sates in a real
system has never been reported before. Since all these results are drawn from the properties of the
Argand diagram, the results are general and independent of the Hamiltonian or the scattering poten-
tial. The physics originating from sub-loops is completely new and upsets our way of understanding

semi-classical behaviour.



Chapter 6

Localization of electrons in quasi one

dimension

6.1 Introduction

Spontaneous symmetry breaking by definition refers to a situation when the Hamiltonian has a certain
symmetry but the solution does not have that symmetry. The definition does not refer to any phase
transition. As a special case, when the effect is considered in the thermodynamic limit then symmetry
breaking transition can become very sharp and then it is called a phase transition. Thus while phase
transition is an example of spontaneous symmetry breaking the converse is not true. Linear super-
position principle tells us that spontaneous symmetry breaking is not possible in quantum mechanics
as the infinite number of degenerate states that are associated with spontaneous symmetry breaking
can superpose to give a general state that has the same symmetry as the Hamiltonian. In spite of
it, certain heavy nuclei exhibit rotational excitations, that can not be explained by the shell structure
alone of a spherical nucleus. Initial understanding of this was provided by Bohr and Mottelson [111]
in terms of collective modes of oscillation of a deformed nucleus. Such nuclear deformation may well
be due to spontaneous symmetry breaking and commonly referred to as internal symmetry breaking
in nuclear physics [111]. However as nuclear forces and nuclear Hamiltonian are still not precisely

known, a first principle quantum mechanical analytic understanding is not yet possible. Similar ideas

119
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of spontaneous symmetry breaking can also explain the details of the mass spectra of alkali metal
clusters and indicate the existence of a spin density wave in quantum dots [112—115]. The electronic
properties of metal clusters is of immense technological importance [116].

For a few electrons in a two dimensional quantum dot, the exact Hamiltonian is rotationally in-
variant (commutes with L;) and can also be solved. In these systems, since earlier days, researchers
have approached the problem from two practical points of view although it becomes difficult to ob-
tain a clear, reconciled understanding. In the first approach, one either makes a numerical solution of
Hartree-Fock equations or the Kohn-Sham equations for a few electrons and obtain the electron den-
sity. The density profile shows a typical crystal like structure consisting of hills and valleys (charge
density wave (CDW)) [112-114]. It is known that this is an artefact of the non linearity of the
equations in use while the exact theory is linear [117]. In the other approach, one makes an exact
diagonalization for even fewer electrons. Whereby, the density is uniform (density has the same
symmetry as Hamiltonian) and do not show any signature of broken symmetry because of the linear
superposition principle. However if one calculates the pair correlation function, then that show oscil-
lations [114, 118, 119]. Generally speaking, these oscillations survive over a finite length and decay
rapidly which is expected in finite size systems. The correlation function is not defined in Hartree-
Fock Theory or Density Functional Theory. The density oscillations obtained therein do not decay
beyond a length scale. Still one makes the ad hoc assumption that the non linearity of Hartree-Fock
Theory or Density Functional Theory show density oscillations by projecting the pair correlation
function and consequently, the discrepancy of the decay disappears for infinite systems.

With exact diagonalization, one also looks at the degeneracy of eigen energies after subtracting the
center of mass energy and checks if the degeneracy can be explained by the representative point group
corresponding to the broken symmetry crystalline state [115]. Although in name exact diagonaliza-
tion, it uses a Configuration-interaction (CI) calculation resulting in truncating the Fock space [115],
besides incorporating substantial numerical errors. For example, substantial lack of degeneracy can
be seen in Fig. 4 of Ref. [115] where a comparison with Hiesenberg model is given. One cannot go
to very large energy limits or more than seven or eight electrons due to numerical problems. Nev-

ertheless, this paper [115] introduces the idea of looking at yrast spectrum to see degeneracies and
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to identify the representative point group, a technique that was instrumental in understanding nuclear
deformations [111]. A recent work [118] has shown that eight non interacting spinless electrons in
a one dimensional ring, has an yrast spectrum that can be interpreted in terms of localization of the
electrons in the internal frame (centre of mass frame). The yrast spectrum can be “... understood as
rotational vibrational spectrum of classical particles...” (see the conclusion of section 4 on page num-
ber 6 of Ref. [118]). Thus quite some work has been done on this problem so far [111-115,117-119]
and the localized electrons in internal frame are also referred to as density waves in the internal frame
or as formation of a crystal in the internal frame, or a rigid rotor in the internal frame or just spon-
taneous symmetry breaking. The purpose of our work is to show that this result can be analytically
extended to quasi one dimension whose thickness can be increased arbitrarily in a particular way. We
also address the actual problem by-passing the cumbersome numerical technical issues associated
with the problem. Once the exact periodicity can be shown in the non-interacting limit we give an
analytical proof for another way of looking into this transition through fractional flux periodicity of
Aharonov-Bohm effect. We show that inclusion of Coulomb interaction will not change the periodic-
ity of Aharanov-Bohm effect. It will be ¢y /N in the broken symmetry state and there will be deviation
from ¢p/N periodicity in the symmetric state. We can prove this for arbitrarily wide rings that can
be considered to be a two dimensional (2D) system. Following the convention of nuclear physics
wherein the yrast spectrum is used to identify the representative point group in internal frame, we
will refer to this localization phenomenon as spontaneous symmetry breaking or internal symmetry
breaking. Thus our work is a non-trivial extension of Ref. [118].

Mesoscopic systems give a unique opportunity to study the few electron system both experi-
mentally as well as with theoretical models and hence provide an opportunity to study how few
electron properties evolve into macroscopic collective properties as we increase the number of elec-
trons. Wigner crystallization [120-122] of electrons, one such bulk phenomenon of spontaneous
symmetry breaking proposed long ago, is still a debatable issue. We exclude here the situation when
quantum mechanical kinetic energy or the uncertainty of an electron can be quenched by a strong
magnetic field [123—-126] or the situation when explicit symmetry breaking leads to an electron crys-

tal state [127—131]. Localization of electrons in the internal frame (centre of mass frame) resulting in
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CDW is different from a typical notion of a phase transition in condensed matter physics like localiza-
tion of electrons in the laboratory frame. As mentioned in the earlier paragraph, in all the systems we
study in this work, the density in the laboratory frame is always homogeneous due to linear superposi-
tion principle. And hence it is also not necessary to refer to Mermin Wagner theorem. It is to be noted
that an unpinned CDW or a sliding CDW in condensed matter physics correspond to a Goldstone
mode where the CDW moves in time and is different from the internal symmetry breaking discussed
here, wherein the density obtained from time independent Schrodinger equation is uniform in the
laboratory frame. However, there can be connection between internal symmetry breaking discussed
here and spontaneous symmetry breaking in condensed matter physics which we will not explore in
this paper. We will just point out the similarity between yrast spectrum to be discussed here (see Figs.
6.1(a) and 6.2(a)) and the spectrum shown in Fig. 1 of Ref. [132].

In this paragraph we briefly review section 3 and section 4 of Ref. [118]. For a finite number of
electrons in a 1D ring [118], eigen energies are shown in Fig. 6.1. The electrons localize and form
a crystal in the center of mass frame while the center of mass rotates like a free particle and hence
the solid and dashed curve in Fig. 6.1 increases parabolically. The points B and C correspond to
excitations that are therefore decoupled from the center of mass motion and corresponds to vibrations
of localized electrons in center of mass frame. If the parabolic contribution is subtracted then the
yrast spectra show periodic oscillation (Fig. 6.1b). Fig. 6.1b imply that eight spin up electrons,
crystallized in the centre of mass frame in a 1D ring has eight-fold discrete symmetry while four up
and four down has a four-fold discrete symmetry [118]. Hence the yrast spectrum repeats modulo
eight and four respectively in Fig. 6.1b. Eight-fold symmetry for spinless electrons (which is same as
eight spin up electrons) is again CDW and four-fold symmetry for four spin up and four spin down
is spin density wave (SDW). Thus spontaneous symmetry breaking in 1D with eight spin up and four
spin up-four spin down non interacting electrons is now well established [118]. This procedure of
analysing degeneracies in the yrast spectrum after subtracting a parabolic part assigned to rotational
energy is also well established in nuclear physics for a much longer time [111]. The features seen
in Fig. 6.1, if encountered in quasi one dimension (Q1D) can be interpreted in the same way as

spontaneous symmetry breaking leading to CDW and SDW.



6.1 Introduction

123

. o S0 ()
| o 8up spin electrons in 1D ring. o ©
— connects minima for 8 spin up electrons. °
* 4 up, 4 down spin electrons in 1D ring. o
0.6 __ connects minima for 4 up, 4 down spin electrons. o 7]
Radius, ry)= 10 R, i

1D

o 0 . (b)

o e’ o o' e o Q L
[} [} [} .o'. Q o] )

~0.05| -

03 e @ I e 9 Q
N R kL ke % S ]

E AR AT W Sl KUY o S A N A R

Nar \ s Vo N N \
0% Ld ¥ ¥ ¥ 4 ¥ p
0 8 16 24

Figure 6.1 (a) Yrast spectra for eight electrons in an one dimensional ring. The electrons
are interacting only through statistics whence Coulomb interaction is ignored. The solid
and dashed line fall on a parabola given by M'? /21 where M’ is the total angular momentum
and / is the moment of inertia for 8§ classical electrons in an one dimensional ring. (b) The
energy values are plotted after subtracting solid and dashed lines from the data points in
Fig. 6.1a. This figure is taken from Ref. [118].
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6.2 Quasi one dimensional ring

Let us consider N number of electrons in a quasi one dimensional (Q1D) ring. The Schrodinger

equation in presence of a magnetic field perpendicular to the plane of the ring is given by

L [ (7 - A ) )] e S |

t#J
- = =
where V(r j) = 0 for ry, < rj < ryy and oo elsewhere, is the confinement potential for jth electron.

y(r{,7r3,.., ri,..,rN):El//(rl,r_f,..,ﬁ,..,m) 6.1)

Here r;, is the inner radius and r,,; is the outer radius of the ring. We use a unit system where /=1,

4m
m*

e=1, 4nwey=1 and m*=0.5 and we choose the Bohr radius (Rg = ‘W’ ) to be the unit of length. Such a
Q1D ring can be experimentally realized [16]. The Schrodinger equation in the absence of Coulomb

interaction is given by

= 2m*
== = = e
Y(r{, 73y T ooy i) = EW(T{ 73, ooy Ty TN) (6.2)
lll(r_f, r_2>, s 73, . m) is the many body wave function in the absence of Coulomb interaction where

electrons are interacting due to statistics. For fermions y/(r_f, r_2>, - 71?, e m) of Eq. (6.2) is given
by a Slater determinant. In Fig. 6.2a we consider a ring of inner radius 8Rp and outer radius 12Rp
and plot the yrast spectra for (i) 8 up spin electrons and (ii) 4 up, 4 down spin electrons. It can be
seen clearly that, we obtain an identical behaviour in Q1D (Fig. 6.2) as compared to in 1D depicted in
Fig. 6.1. This demonstratively signifies the breakdown of symmetry (CDW and SDW) in the internal
frame (centre of mass frame) as has already been explained along with Fig. 6.1. We can see in Fig.
6.1b that for the open circles every eighth level is degenerate and for the stars, every fourth level is
degenerate. Degeneracy always comes from a symmetry. M’ is the generator for rotation and like
in 1D or in nuclear physics, we can interpret the degeneracy for every eighth value of M’ is due to
localization of electrons in the internal frame, resulting in an eight fold discrete symmetry. 4 up and
4 down electrons in the ring is expected to appear in the broken symmetry state with spin up and spin
down electrons occurring alternately which will make the discrete symmetry 4 fold and hence for the

stars (Fig. 6.2b) the degenerate levels come after every four values of M’. We fit the local minima to
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Figure 6.2 Here also the electrons are interacting only through statistics in a Q1D ring and
Coulomb interaction is ignored. Note the similarities with Fig. 6.1 and we have represented

the different curves just like in Fig. 6.1. Here Ep = mi’—; and Rp =
B

_ Amegh®
m*e? *

M" /21, where M’ is the total angular momentum which has been calculated quantum mechanically.

We have used I as a fitting parameter and have obtained the value of I to be 791.4 m,R% for a ring

of inner radius 8Rp and outer radius 12Rp. The moment of inertia for 8 classical electrons placed at

equal distances in a ring like arrangement and rotating on a ring of radius 10Rp is 800 meR%;. This

further confirms a semi rigid classical structure and hence symmetry breaking.

We will now show that in Q1D unlike in 1D there can be a transition that can be effected by

increasing the thickness of the ring. Hence we plot the yrast spectra (Fig. 6.3a) for a ring of inner

radius 4Rp and outer radius 12Rp. Fig. 6.3b is not exactly periodic. We again fit the local minima
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Figure 6.3 Same as in Fig. 6.2, but for a wider ring. On subtracting the parabolic data, we

find the peak values in (b) are gradually decreasing and hence periodicity is absent.

to M'?/21. The value of I we obtain from the fitting is nowhere close to the moment of inertia for 8

classical electrons sitting at equal distance in a ring like arrangement. Hence no signature of broken

symmetry is seen here.

6.3 Single particle states

To prove symmetry breaking for an arbitrarily wide ring including Coulomb interaction, it makes

sense to make a one to one correspondence with that in 1D and for this, we study the single particle
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levels of the Q1D ring. Single particle Schrédinger equation corresponding to Eq. (6.2) is

1 = —\ 2
[ (—ihv - fA) ~|—V(7)} v(7) =ey(7) (6.3)
2m* c

We use two dimensional polar coordinates (r, 0). The vector potential in Coulomb gauge (V - A = 0)

is given by

Bri . w.m'cry
ATy =-Lo=—""1 (6.4)
r 2er

where B is the magnetic field passing through a finite circle of radius ry < r;, and @, = (eB/m*c) is

the cyclotron frequency. The above equation can be solved [133, 134]. One uses

w(1,8) = R(r)O(6), x’zq/zlz;ﬁgr:kr 6.5)

to get,
d*R dR
X ot (¢ —mP )R =0 (6.6)
e _ de
m*a)cr% @

where A is a constant, o = —- = By and m' = Vo2 + 4. @ is the flux passing through the ring

and ® is the flux quantum given by % The complete solution can be written as,

1 i(m'+2)6
r,0) = —— |Adyw (kut) + By Ny (kyr)] e %0 6.8
y(r.0) m[mm(n) ' N (knr)] (6.8)
where J,; and N,y are the Bessel and Neumann functions of order m'. Here k,, is defined as €, = Fg—ﬁ,’?

The azimuthal wave function ®(0) satisfy twisted periodic boundary condition, i.e., ®(0) = ®(0 +
_prd i
2m)e "% that gives

m =0,+1,42,... (6.9)
For the radial function, R(ri,) = R(ryu) = 0 gives
Ny (krin) It (krout) =Ny (krout) I (krin) (6 10)

Eq. (6.10) determines the allowed values of energy for a particular m’. This is shown for n = 1, and

n =2 in Fig. 6.4. m’ values corresponding to a particular n value form a distinct band signifying
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Figure 6.4 Single particle eigen energies vs magnetic flux for an electron in a Q1D ring,
hZ
m*R% '
the energy value for n = 2. All the curves are parabolic and minima of all the curves for a

particular n value is the same.

where the energy is expressed in units of Eg = In (a), we have subtracted 0.75 from

decoupling of radial energy and azimuthal energy. Each curve is a parabola for bothn =1 and n =2
just like what we get in a one dimensional ring. We can get further insight when we move into higher

dimensions by noting the similarities between Q1D and 1D. Multiplying both sides of Eq. (6.6) and

m* m? r;
8

Eq. (6.7) by % and adding 2 to both sides of Eq. (6.7) and then using Eq. (6.5) one can obtain

the following equations

W [1d [ d
gy {rdr <rdr>]R(r):£] (r)R(r) (6.11)
! LT 2@9— oo 6.12
o —1 P (7) (0) =[e—«&(r)O(0) (6.12)
where,
B h2 ” /2 B hz 5 m/2
8‘(”>—W<x -m )_Zm* (k 2 (©.13)

Since rd0 = dx, Eq. (6.12) becomes

h? (d ieA(r)

C2mr \dx

2
dx  ch > OW) =le—&(n]ox) (6.14)



6.3 Single particle states 129

[ QD @ | o3L QD m=6 (b)
0.5 - m'=4
. 0.25
N:\ 04 B 02L ./,
= 03 0.15F
=T 0
- 0.2 B 0.1 — r.in = 4RB
B - r =12R
0.1 0.05- P
J . l .
0g 2 Y% 12

10 8
r/RB r/RB

Figure 6.5 Probability distribution of radial wave function of an electron in a ring for dif-
ferent m’ values, for zero flux and n = 1. In (a) all the curves corresponding to different m’
values overlap on each other but in (b) they are distinct. Situation in (a) leads to a broken
symmetry state and for (b) symmetry is restored.

©® which is a function of m’ and 6 in Eq. (6.12) now becomes a function of k and x in Eq. (6.14). The
r dependence of A is of no consequence as A(r) in Eq. (6.14) can be gauged away in a manner just as

one does in the 1D case to give
noda ,
“ o g2 © () = [e—&(r)]e'(x) (6.15)
where @', the gauge transformed version of ® and it results in a change of boundary condition in the

presence of magnetic field.

@ (x) = O (x)e "ic JAIrd6 (6.16)

Note that (see Eq. (6.13)) m’ is angular momentum quantum number and m7' behaves like k which is
linear momentum quantum number. Hence although € (r) in Eq. (6.15) seems to be a function of
r it behaves like the square of decoupled linear momentum or energy. The azimuthal energy being

[€e — & (r)]. Ref. [135] writes for a 1D ring

W d?
50 () = €100 (x) (6.17)

Note that Eq. (6.15) and Eq. (6.17) give similar energy spectrum as has already been clearly ex-
plained in Fig. 6.4. [¢ —¢&(r)] in Eq. (6.15) corresponds to €;p in Eq. (6.17). Only difference
is that [€ — &;(r)] in Eq. (6.15) has to be determined from Eq. (6.11) and the radial wave function

compensates in such a way that the eigen energies of the system turn out to be similar in Q1D as well
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Figure 6.6 Periodicity is seen when the radius and thickness are increased simultaneously.

as in 1D. This is true for a narrow ring as well as a wide ring. A gradual crossover to an extremely
wide ring that can be considered as a two dimensional system does not change this feature. The only
change of feature will be in the nature of the radial wave functions. This is well demonstrated in Fig.
6.5 for a narrow ring that exhibits broken symmetry (parameters corresponding to Fig. 6.2) and a
wide ring that does not exhibit broken symmetry (parameters corresponding to Fig. 6.3). For narrow
rings, the wave functions corresponding to possible different m’ values look identical. However, for
wider rings this is not true. In 1D, statistics plays a major role as the electrons can not cross each
other. In a Q1D ring with inner radius 8Rp and outer radius 12Rp, we see that the radial probability
distribution for all m’ values coincide with each other (Fig. 6.5a). In this case, it looks like the effect
is similar to the case of 1D and that the electrons can not cross each other due to Fermi statistics.
Hence, this system shows spontaneous symmetry breaking just like in 1D. For a ring of inner radius
4Rp and outer radius 12Rp the position of peaks of the radial probability distribution changes with m’
(Fig. 6.5b). In this case it appears that unlike in 1D the electrons can cross each other inside the ring

and symmetry breaking is not seen.

6.4 Effect of ring thickness and two dimensions

From Fig. 6.3 and associated narrations, it seems that symmetry breaking is not possible in two di-
mensions that can be obtained by gradually increasing the thickness of a Q1D ring. But if we increase

the radius and the thickness simultaneously, it results in symmetry breaking as we will explain now.
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Figure 6.7 Probability distribution of radial wave function of an electron in a ring with
inner radius r;, = 16Rp, outer radius r,,; = 24Rp, for different m’ values and n = 1.

We take 16 electrons interacting only due to Fermi statistics and compare the energy spectra for three
rings. One with inner radius 4Rp and outer radius 6Rp, other with inner radius 8Rp and outer radius
12Rp and another with inner radius 16Rg and outer radius 24Rg. Here we have plotted the energy
values after subtracting the parabolic data we obtain by connecting the minima (Fig. 6.6). We see
that all the curves show the same periodicity, signifying broken symmetry. The amplitude of oscilla-
tion for the ring with inner radius 16Rp and outer radius 24Rp is 1/4-th of the amplitude for the ring
with inner radius 8Rp and outer radius 12Rg, and is 1/16-th of the amplitude for the ring with inner
radius 4Rp and outer radius 6Rp. This is also similar to the case of a 1D ring, where if one makes
the radius double, the energy becomes 1/4-th. Note that although % ratio is same in the three rings,
their thickness is increasing. And as seen in Fig. 6.3, we do not expect symmetry breaking leading to
CDW as the thickness increases. Note that the curve represented by solid line in Fig. 6.6 is for a ring
of thickness 8Rp like that in Fig. 6.3 but unlike Fig. 6.3, it shows a broken symmetry. For this ring
too the radial probability distribution is independent of m’ and shown in Fig. 6.7. Hence if this trend
continues then by increasing the radius and the thickness simultaneously one can observe symmetry
breaking for a very thick ring, and as one assumes when applying Born-von Karman boundary con-

dition one may say properties deep inside the sample is independent of boundary conditions. The act
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Figure 6.8 Probability distribution of radial wave function of an electron in a ring for dif-
(4meo)’iPc  [ne
(m*)Zet G —
10%meters, where G = 6.67 x 107! Nm?kg~2, is the Gravitational constant. There-
fore in (a) we are considering a ring of width 4 x 10"%meters and in (b) that of width
8 x 10"meters.

ferent m’ values and n = 1. Here the radius is taken in units of R, =

of increasing the radius consequently lowers the azimuthal component of the momentum and the act
of increasing the thickness lowers the radial component of the momentum. When r;, becomes very
large, one can use the asymptotic forms of Bessel function and Neumann function. In that case one
can prove analytically that radial probability distribution is independent of m’. This is demonstrated
in Fig. 6.8. Note that Fig. 6.8a is for a ring of thickness 4 x 10'“meters and Fig. 6.8b is for a ring
of thickness 8 x 10'#meters. In the next section we will prove that even if we include Coulomb in-
teraction, we will get a broken symmetry state when radial probability distribution is independent of

m'.

6.5 A proof including Coulomb Interaction

From Eq. (6.8), the wave function for the many body Scrédinger equation in Eq. (6.1) can be written

as

(At g () + By Nog () )

1 i(m;.+;:))e,->
— 6.18
(me S

Un({r 0} = ) aguy o1
{m} =
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where a {m}Sare unknown coefficients, <7 stands for anti-symmetrizing operator. {m;} corresponds
J
to the set of all allowed m’j values appearing in the product of Eq. (6.18). We now introduce the center

of mass (&) and relative ({;) coordinates defined as
1 N
5=NZ,19;" §i=0;-2¢ (6.19)
j=

If we look at the many body Hamiltonian of Eq. (6.1) in terms of these coordinates then the first term

and the Coulomb interaction term are interesting to note.

N 2 2 2

—n 1 0 1 1 e

H=) gt L (6.20)
= 2mer; N2 08 2 7 4me \/I"iz—Fl"?—ZrierOS(Ci_Cj)

Our calculations shown in Fig. 6.2 suggests that in some regime (e.g. for parameters chosen for Fig.
6.2) rj = constant = rp (say). Then the first term in Eq. (6.20) is M’2/2I where M’ = —ih% and
[ =m*Nrp. aa—; commutes with H in Eq. (6.20). This essentially implies that Coulomb interaction
(the last term) will not change the center of mass angular momentum and hence Zm’j = M' (where
M’ is the eigenvalue corresponding to M") will be a conserved quantity for each of the sets {m;} in

Eq. (6.18). Therefore, from Eq. (6.18) and Eq. (6.19) on using the fact, that in the broken symmetry

state the radial probability distribution is independent of m’] (see Appendix E)

‘I’N({rj,ej}):ei(M/+N%>€ a ) JZ%
o {m}

N
I1 [(Am;fm;- (k) Bt Nt (kn_irj)> (\/lz—ﬂe"m'f‘f)] 6.21)

j=1
If we switch off the Coulomb interaction then the sum will not appear and the exact wave function is
¥ _ i(M’+N§).f;£{ al
N({I’j,@j}) =e 0 H Am}.]m/j (knjrj)—l—Bm}Nm; (knjrj)

j=1
1

<mel"n}€f)] (6.22)
Eq. (6.21) implies an Aharanov-Bohm effect of periodicity ®/N. This is because the term inside the
summation in Eq. (6.21) does not contain flux and the periodicity will be ®y/N as can be seen from
the exponential factor in Eq. (6.21). Therefore when there is no Coulomb interaction, we first prove

that in the broken symmetry state, r; — r1p and radial probability distribution is independent of m;
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This can happen for arbitrarily wide rings when r;, is very large. Then in this section, we prove that if
these two conditions are satisfied then the many body wave function (including Coulomb interaction)
will show ®(/N periodicity with flux ®. For the symmetric case (parameters corresponding to Fig.
6.3), the same argument for r; and m’] cannot be given. Such ®y/N periodicity again implies a
Nparticle rigid rotor structure (CDW) due to spontaneous symmetry breaking. Aharonov-Bohm effect
in a ring can be observed [136] by observing the persistent currents [137]. So changes in periodicity
can also be observed and can give us the demonstration of symmetry breaking transition. Also note
that if we fix the flux, let us say ¢ /¢p = 1, then from Eq. (6.21) we can see that ‘I’%/”N = eiVN‘g‘P%/,
where V is an integer. Thus we get identically the same structure for the many body wave function as
that of Maksym [138] and it corresponds to a rigid rotation of the N particle state like a single particle

with mass Nm*.

6.6 Three dimensions

The system we study in this section is shown by the shaded region in Fig. 6.9. The shaded region can
be expressed in terms of (7, 8, ¢) coordinates, where r varies from r;, to r,y, ¢ varies from 0 to 27
and 0 is infinitesimally small. This is a special form of torus. If the sharp edges are rounded then we
get a torus. If r;, — 0, rp,y — R and 6 is allowed to vary from 0 to 7 /2, then we get the sphere of
radius R shown by dotted line in Fig. 6.9. Thus we can express ¥ = R(r)P(0,¢) and single particle

Schrodinger equation reduces to,

1[d [,d 2m*r? 2m*r’E

R 2 2
11 9 /. 0 1 92

We can take V(r) = 0 inside the shaded region and V(r) = e outside. We want to ask the question
that is it possible to analyse the wave functions in the same footing as done so far and show symmetry

breaking inside the shaded region. If 0 is very small then sinf = 6 and Eq. (6.23) becomes

1[d[,0 _2m*r2V<)+2m*r2E R(r)
Rlar\"or) 2 "V TR ’
1710 d 1 0?
=5 |03 (35) * grage| PO0 = @2y



6.6 Three dimensions 135

Figure 6.9 The three dimensional system, that we consider, is shown by the shaded region.
The potential is zero inside the shaded region and o outside the shaded region.

Once again the radial part effectively decouples and one can have

10 J 1 0?

In the differential equation given in Eq. 6.25, if we replace 6 by r and ¢ by 0, then Eq. (6.25)
will look identical to Egs. (6.11) and (6.12) in the absence of magnetic field. Magnetic field and
Coulomb interaction can then be treated in the same way as we have done for Eq. (6.11). In such a
system, therefore the equation of motion is just like in Q1D and hence we can again expect symmetry
breaking. However, if sin@ can not be approximated by 6 then we should not expect symmetry
breaking in three dimensions. Therefore in a 3D sphere of radius R (there is an infinitesimal cavity at
the centre) where the potential inside the sphere is zero and o outside (hard walls), we do not expect
symmetry breaking. If the hard wall is replaced by a central potential then also it is natural to expect

that there will be no symmetry breaking. Therefore, we cannot get symmetry breaking in atoms.
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6.7 Conclusion

Spontaneous symmetry breaking in quantum mechanics has been an important problem for a long
time. It is thought to manifest in several phenomenon like Wigner crystal, deformation of nuclear
shells, charge density wave and spin density wave in quantum dot, etc. Theoretical study of each of
these phenomenon has its own drawback. Wigner crystal occur in the thermodynamic limit and the
system has so many degrees of freedom that one can only approach the problem phenomenologically
and explicit symmetry breaking can never be ruled out in an experiment. Although, Wigner proposed
it as a spontaneous symmetry breaking. Nuclear Hamiltonian is not exactly known and so one is
more interested in explaining some experimental data rather than probing the reality of spontaneous
symmetry breaking, although text books [111] refer it as spontaneous symmetry breaking or internal
symmetry breaking. Quantum dot has so far been only studied numerically and there are too many
disconnected notions about what happens in quantum dot as explained in the introduction. At the
heart of the problem is the issue that linear superposition principle in quantum mechanics makes it
very counter-intuitive to accept the existence of rotational and vibrational modes in a system whose
Hamiltonian is rotationally invariant. Such rotational and vibrational modes suggest the existence
of localized electrons after referred to as charge and spin density waves. By taking electrons in a
quasi one dimensional ring and putting a magnetic field we neither break the symmetry explicitly,
nor tamper with the linear superposition principle. But the system is physical and has a total angular
momentum, and we can show that linear superposition principle is not a deterrent to observe rotational
and vibrational modes. Charge and spin density waves in the internal frame is well established in 1D
for fermions because of restricted spatial degrees of freedom, i.e., electrons cannot cross each other
in 1D. There is no transition in 1D. Unlike 1D which is ideal, Q1D rings can be fabricated in the
laboratory. The ring geometry in Q1D can be treated analytically. Thickness can be varied and
scaling can be studied. We can show charge and spin density waves in the internal frame and also
restoration of symmetry with variation of thickness. The charge and spin density waves in broken
symmetry state show identical behaviour as in 1D. Further comparison with 1D show that in the
broken symmetry state, the electrons are situated at the mean radius of the ring and in-spite of the

radial spread of their wave functions, do not avail this degree of freedom and behave like or scale like
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a 1D system. In the symmetric state, they do not behave that way. Increasing the width and mean
radius simultaneously, one can retain the broken symmetry state for thicker rings. The behaviour in
Figs. 6.5a, 6.7 and 6.8 (the single particle radial probability distribution being independent of m’j)
allows us to prove analytically that the many body state including electron-electron interaction will
show fractional Aharanov-Bohm effect i.e., a N body system will show ¢y/N periodicity. The N
body state forms a rigid rotor in the internal frame of reference and the fundamental periodicity of
Aharanov-Bohm effect for such a rigid rotor is ¢o/N. This result is true for arbitrarily thick rings
when r;, is very large. Then we show that in a thin 3D ring (shown in Fig. 6.9) the equation of motion
is the same and so the same analysis and analytical treatment can be done to obtain the same results
as in Q1D. However, the geometry of Fig. 6.9 can be continuously modified to give a sphere (with
a hole in the centre) but the equation of motion change with this modification and same results as in
Q1D cannot be expected. Replacing the hard wall by a soft wall (say a central potential like in atoms
which too has an unavailable region of space at the centre) is not expected to be different as the issue

of internal symmetry breaking is related to dimensions and not the details of the potential.



Chapter 7

Future scope

7.1 Spontaneous symmetry breaking

The phenomenon is well known in physics in different names and manifests across a variety of fac-
ulties. In nuclear physics an interesting phenomenon is that certain heavy nuclei are deformed. Since
they are deformed they exhibit rotational and vibrational excitations. A spherical or rotationally in-
variant nucleus cannot show such excitations. Since the nuclear Hamiltonian is not exactly known
till date the main motivation there is to build a phenomenological approach to explain experimental
data. However, to every bodies discomfort, atomic orbitals (heavy or light) have never shown any
signature of rotational and vibrational excitations, or any other signature of deformation. In fact one
can simply use the superposition principle to claim that atoms will never get deformed. Because there
are infinitely many directions of deformations and the atomic orbital will always get into a linear su-
perposed state of all these deformed states which is a rotationally invariant state. So why the nucleus
is so?

Condensed matter systems are not so clean and defect free as atoms or nucleus. Presence of
defects do not rule out explicit symmetry breaking. In condensed matter also the drive for industry
applications make physicists again focus on phenomenological approaches and guess work to explain
experiments. However, condensed matter physics is not limited by the same constraints as in nuclear

physics where the Hamiltonian is unknown. And as we have seen many times in the past it is difficult

138
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to guess two steps than to guess one. So first principle approaches are always very important, but
nothing has been done so far. It is known that in one dimension electrons can undergo spontaneous
symmetry breaking that leads to a crystal like structure. Such a crystal can exhibit vibrational excita-
tions. These excitations can be bosonized. Charge and spin decoupling takes place. One dimension
is however an ideal case. In one dimension differentiation cannot be made between hard core bosons
and fermions as neither can cross each other. Two dimensions is however not an ideal case because
one can find many realistic systems that are two dimensional. Bosonization in two dimensions is a
very important and unsolved problem in spite of a lot of effort. In this respect, approaching the prob-
lem from a different point of view, that is the mesoscopic point of view may yield some non-trivial
insight.

In this mesoscopic approach one starts from a few electrons in a confinement, say a quantum
dot or a quantum ring. So far people have only approached the problem numerically and tried to
apply the same kind of reasoning as done in nuclear physics. A careful reading will show that we
do not learn anything more than what we already know in nuclear physics. The actual problem
is never addressed due to the assumptions used and cumbersome numerical procedure. We have
recently taken an analytical approach to the problem. We take a number of electrons in a quasi one
dimensional ring of width W. That is the ring has an inner radius of r;, and an outer radius of r,,,, with
(rin — rour) = W. We note that the problem has a lot of similarities with one dimension and shows the
same kind of symmetry breaking. Unlike in one dimension, where the symmetry is always broken,
electronic states in the quasi one dimensional ring can exhibit a transition from a broken symmetry to
a symmetric state. We can prove that for an infinitely thick ring W — oo the broken symmetry state
can exist provided r;, also tends to infinity. r;, tending to infinity is required to lower the azimuthal
energy and this fits with our notion that such broken symmetry state will exist only for very low
energy states. We can exhibit this for a ring whose r;, is of the order of 10'* meters and width is also
of the same order, for arbitrarily large number of electrons. The broken symmetric state is identified
by fractional Aharanov-Bohm effect. An N electronic state that crystallizes in a ring and moves as a
rigid rotor will show ¢ /N periodicity where ¢ is a single flux quantum.

In the future we would like to put these results in the language of condensed matter physics. A
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ring of thickness 10'* meters is a two dimensional system in all sense as states will be very little
affected by the boundary. Several questions remain. a) Can this system be bosonized where the
bosonic excitations are just the vibrations of electrons frozen in a rigid rotor like structure. Given the
similarity of the problem with the one dimensional case in terms of the equations of motion a very
similar approach as that in one dimension can be used. b) Can one prove the decoupling of charge and
spin degrees of freedom for this system. For example, we know that in a one dimensional Luttinger
liquid fractional Aharanov-Bohm effect can arise due to decoupling of charge and spin degrees of
freedom. The charge and spin move with different velocities. The charge can go round the ring once
but that has no manifestations on Aharanov-Bohm effect. Only when the charge and spin have gone
round N times they meet again because of their commensurate velocities and then we see Aharanov-
Bohm effect [139]. Is this a different way of saying the electrons in a ring form a rigid rotor of N
particles and show fractional periodicity?

We can also state that unlike the quasi one dimensional ring a three dimensional sphere has no
similarity with the one dimensions in terms of the guiding equations of motion. So we do not expect

vibrational excitations in atoms. And that reopens the problem in nuclear physics.

7.2 Statistical mechanics of small systems

While text book statistical mechanics tells us that equal a priori probability and ergodicity holds very
well for large systems the microscopic equations of motion tell us a different story. Microscopic
equations of motion tell us that initial and final conditions play a major role and all states are not
equally probable. In fact the state of a system of particles depend very sensitively on its initial and
final conditions. So when system size becomes smaller and smaller at some point we have to properly
account for this sensitivity to initial and final conditions and so we need to develop a new branch of
statistical mechanics namely known as mesoscopic grand canonical systems.

A mesoscopic grand canonical system is coupled to electron reservoirs with leads through which
they exchange electrons (or phonons) with the reservoir. Electrons enter or leave the system through
these reservoirs and the leads determine these initial and final conditions. A proper theory of meso-

scopic systems has to include the electron dynamics in the leads and the coupling of the leads to the
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system. Landauer-Biittiker formalism is very good at including the effect of the leads by formulating
the problem in terms of the scattering matrix elements. The Landauer two probe and four probe con-
ductance formulas show the importance of the leads in determining the linear response conductance
of small quantum systems. Electrons entering the system through lead A and leaving through lead
B are characterized by the scattering matrix element S4g. Such electrons do not access all the states
inside the system but only a part of it leading to the notion of partial density of states. The partial
density of states depend very crucially on the nature of the leads, position where they attach to the
system, and strength of its coupling to the system. Current from A to B, resistance between points
A and B, current injected by an STM tip to a particular point in a mesoscopic system all depend
crucially on this partial density of states rather than the density of states.

Sap 1S a complex quantity with an amplitude and a phase. While measuring the amplitude is
an old story recently it has been possible to measure the phase very reliably. A lot of information
can be obtained from the scattering phase shift if we can interpret it correctly. We have shown that
the most accurate knowledge of partial density of states can be obtained from the scattering phase
shift. We have also noticed that in some parameter regime the partial density of states can become
negative. Such negative partial density of states is possible in quantum mechanics and is not a surprise.
However, the broad range of physical situations where we have shown the possibility of negative
partial density of states is very interesting. In the future I will focus on the physical consequence
of such negative partial density of states. For example, consider a mesoscopic system coupled to
multiple leads say A, B, C, D. If the scattering phase shift from A to B show negative partial density
of states, it means electrons entering the system through A and leaving through B pass through a
negative number of states inside the system. Negatively charged electrons in a negative number of
states will behave as positive charge (total charge being number of states times occupation probability
given by fermi factor times the negative charge of the electron). Such electrons in the A to B channel
will non-trivially affect the electrons in the C to D channel. There can be electron electron attraction

and electron electron bound states. We intend to study this in details.



Appendix A

Different dimensional mesoscopic

systems and there density of states

In this appendix different dimensional mesoscopic systems are discussed along with their density of

states is derived.

A.1 Different dimensional mesoscopic systems

A major feature that distinguishes different mesoscopic systems is their dimensionality. Let us con-
sider a system with dimension L,,L, and L; in x,y and z directions, and confine electrons in this
system. If the length scale is less than a characteristic length scale Ly (say), then the electron prop-
agation along that direction is restricted, and the system is quantum confined. The dimension of a

system in general can be written as, (3 —n)D, if L; < Ly, where, i = 1,n. The categories are,

e Three dimensional (3D): Ly,Ly,L, > Lo, i.e,n=0.

Three dimensional systems are so named because in these systems, electron motion is not
restricted along any directions. For example bulk, which is a well known no confinement
system. In bulk (macro), the dimensions of the semiconductor crystal are much larger than

theoretical exciton Bohr radius Rp, allowing the exciton to extend to its natural limit.

* Two dimensional (2D): L, < Ly, i.e,n=1.
142



A.2 Density of states 143

Two dimensional systems are so named because in these systems, electron motion is restricted
along one direction but free to move along rest of the two directions. For example ‘quantum
well’, a well known singly confined system. The one dimension is reduced to nanometer range,
so that the size is comparable to the de-Broglie wavelength of the exciton, while other two

dimensions remain large, one obtains a structure known as quantum well.

* One dimensional (1D): Ly,L, < Ly, i.e,n=2.

One dimensional system are so called because in these system, electron motion is restricted
along two direction, but can freely propagate in one direction. For example ‘quantum wire’,
a well known two directional confinement system. In one dimensional, if two dimensions
are reduced and one remains large; the resulting structure is referred to a nanowire. But if
two dimensions of nanowire become comparable to Bohr exciton radius, then this structure is

known as quantum wire.

* Zero dimensional (OD):Ly,Ly,L; < Lo, i.e,n = 3.

Zero dimensional systems are so named because in these systems, electron motion is restricted
along all three directions, i.e. full confinement system. The resulting structure is called quan-
tum dot. All systems of the dimensions of 0D are in the nanometric size range. Consequently,
such materials have electronic properties intermediate between those of bulk semiconductors

and those of discrete molecules.

Different dimensional mesoscopic systems are shown in Fig. A.1.

A.2 Density of states

The density of states describes the number of sates per unit energy per unit volume, that are available

to the system, and is important to calculate the carrier concentration and energy distribution.
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Figure A.1 Different dimensional mesoscopic systems.

A.2.1 Three dimensional density of states
From introductory solid state physics [19, 20], it is known that for a three dimensional sample (say
cube of dimension L), the allowed values of wave vector % or rather its components are,

2 2 2
Ky = Tﬂnx, ky = T”ny, k="

where, n,,n,,n; are integers and are continuous quantum numbers. The available k-space volume per

2\ [(2x\ (2% 8’
Vsinglefsmte = (T) (T) (T) = F (A.1)

Now we wish to consider a system of N non-interacting electrons, all we have to do is to take account

state is,

of the Pauli exclusion principle for electrons with spin s = :l:%, each value of k can accommodate
at most two electrons. Obviously when constructing the ground-state we must consider filling these
k-states from k = 0 and successively filing states of higher energy (energy o< k?). This leads us directly
to the concept of the Fermi surface. In 3D, The Fermi space is a sphere of radius kr, volume of the

Fermi space is,

3
4 [2m 2
Vspace = —ﬂk?: =57 ( eEF) (A.2)
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Figure A.2 Density of states for different dimensional mesoscopic systems.

At T = 0 all states within the sphere are occupied while outside, all states are empty. The number Nzp

of states occupied below the Fermi energy is given by,

Nap = 2> Vspace 1 <2meEF) e (A3)
Vsinglefstate 3 h2 2
Then density of states for three dimensional system is given by,
aN m .
P3ip = % = ET;P (2m.EF)?
or, P3p Eé (A4)

The three dimensional density of states ps3p as a function of energy is shown in Fig. A.2(a).

A.2.2 Two dimensional density of states

In a similar way as shown in the 3D case, the allowed values of components of k are,

kx = - Ny, ky = Ny, kZ = k07k17"
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that is the components of k along x and y direction are continuous, but that along z is quantized. Hence

the energy along z direction is also quantized. The available k-space volume per state is,

27\ (2% 4r?
Vsinglefstate = <L> (L) = ? (A.5)

In 2D, the Fermi space is a circle of radius kg, thus “volume" (area) of the Fermi space is,
2m,
Vspace = mhki =1 (hZEEF) (A.6)

The number N,p of states occupied below the Fermi energy is given by,

2 X Vipace <m > L?
Nyp=—"""—=| 5E | — (A7)
Vsinglefstate > v/

Then density of states for two dimensional system is given by,

G me
or,pap o E° (A.8)

The two dimensional density of states pop as a function of energy is shown in Fig. A.2(b). It is clear
that the two dimensional density of states does not depend on energy. Immediately, as the top of the
energy-gap is reached, a significant number of states are available. The discrete energy level along

the confined direction gives rise to a staircase-like density of states as a function of energy.

A.2.3 One dimensional density of states

The allowed values of components of k are,
ke = ——ny, ky:ky07kyl--a k; = k0, kz1..

that is the components of k along x direction is continuous, but that along y and z directions are
quantized. Hence the energy along y and z directions are also quantized. The available k-space

volume per state is,

2
Vsinglefsmte = <L> (A9)
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In 1D, the Fermi space is a line of magnitude kr, thus “volume" of the Fermi space is,

Vspace =kr (A 10)

The number N,p of states occupied below the Fermi energy is given by,

1
2 X Vspae 2k L (2 2
NIDZW:M:< ";€E> (A.11)
Vsingle—stale T T /
Then density of states for two dimensional system is given by,
1
o — Fia _ 1 (2m)\?
1P L wh\ E
or,pip < E7 (A.12)

The one dimensional density of states pip as a function of energy is shown in Fig. A.2(c).

A.2.4 Zero dimensional density of states

The size of the system becomes so small due to the confinement, that the energy states allowed are
no longer continuous but discrete. In OD, the energy states can be represented by Dirac delta function

and is given by,

pon(E) = 8(E - Ec) (A13)

The one dimensional density of states pjp as a function of energy is shown in Fig. A.2(d).



Appendix B

Transmission for a series of ballistic

conductors

In this appendix we will show the transmission for a long conductor of length L, which is actually a
series of small conductors. Let us for simplicity consider two serial ballistic conductors with trans-
mission probabilities 77 and 75 respectively. A schematic representation of the system is shown in
Fig. B.1. This scattering system can have multiple processes, for instance, transmission without re-
flection, transmission with two reflections, transmission with four reflections and so on. Then the
total probability of transmission 7j; is obtained by summing all possible reflection as well as trans-
mission paths. Since, we have considered ballistic conductors, there is no phase randomisation. The

net transmission probability of the scattering system is,

T, = T'h+TiRR\Tr+ TleR%Tz 4

= TN\ (1+RoRi +RRT+ -+ )

This is a geometric series with common ratio

1
T, = 1L | ———
2
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Figure B.1 (a)Two scatterers 1 and 2 in series having transmission probabilities 77 and 7,
and reflection probabilities R; and R», respectively. (b) Feynmann diagram to represent all
possible paths taken by the electron. Summing all the terms, we get the total transmission
probability 775.

Again using the relations, R = 1—1T; and R, = 1 — T, , we can write,

T, — h1,
P a-m(-n)
L _ (-Ti-Dtnh
T, nh1,
Subtracting both sides by 1, we can write,
1-Tn _ (1-T1 — 1)
Tz nn
1-Tp 1-7 1-1
or, = + (B.1)
Tz n Ip)

Thus the quantity 1}—1:12 has an additive property. Generalising Eq. (B.1) for N number of scatterers,

then we can write the transmission probability as,

=Ty _ Zl—Tj
TlN j Tj

(B.2)
If the transmission probability for all the N scatterers is same T (say), then Eq. (B.2) reduces to,
1-T; 1-T
— N - N—= (B.3)
Tin T

Let v be the linear density of the scatterers, then we can replace N by VL in Eq. (B.3) and obtain

1—T1N i VL(I—T)
Tiv T
T
= Tin (B-4)

VL(1-T)+T
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Let us consider Ly = ﬁ, then

L+Ly VL(1-T)+T
Ly T

(B.5)

Substituting Eq. (B.5) in Eq. (B.4), we get the transmission probability as a function of L,

Ly
T = B.6
N LiL, (B.6)




Appendix C

Fisher Lee relation and Green’s function

for isolated lead

In this appendix we will show two results the Fisher Lee relation, a relation between scattering matrix
elements and Green’s function, and the analytical expression of g’lf , Green’s function for semi-infinite

lead, described in chapter 3.

C.1 Fisher Lee relation

Let us consider a conductor connected to a pair of leads (p and ¢). The interface between the leads

and the conductor are defined by x, = 0 and x, = 0. We define,

quep(yq;yp) = Ggp(xq = anq;xp = 07yp) (C.1)

Leadp Lead q

A At o

P Xp =0 P X =

Figure C.1 A conductor connected to leads p and q.
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which connects two points lying in the two planes x, = 0 and x, = 0, with transverse coordinates y,
and y,. Our purpose is to write Gf;p in terms of scattering S-matrix elements. For this, let us neglect
the transverse direction and consider the one dimensional case with unit excitation at x, = 0. As
discussed in chapter 3, this excitation gives rise to two types of waves, one travelling towards the

conductor with amplitude A;,L and another travelling away from the conductor with amplitude A ;.

GR, = A}e™ forx,>0 (C.2)
GE, = A, e ™ forx, <0 (C3)

Applying boundary conditions on GX, at x,,,

R R
Gap)sy—0r = [Gapl, o
R R
and dqu _ dqu _ 2m,
dx dx K2
xp=0+ xp=0—
we get the amplitudes A7,

At —at—_ C4
14 P hvp ( )

where, v, is the velocity of the outgoing waves from lead p.

The wave travelling towards the conductor is scattered to the leads with amplitude s;pA;;, hence

single mode Gﬂ;p is given by,

Gl =8,pA, +5,,A) (C.5)

But the matrix elements s’q » are generally not unitary, to incorporate unitary it is customary to divide

the matrix elements by square root of velocity, i. e.,

sl

Sqp = ——— (C.6)

VVp/Vq

Using Egs. (C.4) and (C.6), Eq. (C.5) can be written as,

GR — __* L Sqp
ap

_75 o 1F
hvp ap hvp A /Vq/vp

or, Sqp = —Ogp +il\/Vgv) (C.7
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X x=0

Figure C.2 A semi-infinite wire with hard walls at x = 0. In the y-direction, there is a
confining potential V (y) leading to transverse modes X ().
This is the desired Fisher-Lee relation in the case of single mode conductor. If we take multiple

modes in consideration, then the relation modifies to

Sum = — Opm + A/ ViV //Xn(yq> [Ggp()’q;)’p)] Xm(}’p)d)’qdyp (C.8)

C.2 Analytical form of g&

To derive the Green’s function for isolated semi-infinite leads, we start with the retarded Green’s
function in terms of eigenfunction ¥,, and eigenenergies &,

y gy
R __ mtm
G _ZE—strin €9

m

The Schrodinger equation of a semi-infinite wire (shown in Fig. C.2) with a transverse confinement

potential V(y) can be written as,

_Tme

then solving the Schrédinger equation using separation of variables one can write,

2 2
[_theddxz:| 1//(x) = (gm - ng)w
2 2
[_;ijz + V(y)} 2() = €mox (v)

where, &, is a constant. Then the solution is given by,

Y, (x,y) = \2%,,, (y)sin(xkx) (C.10)
where,
2.2
(&m— &mo) = IK (C.11)

2m,



C.2 Analytical form of g§ 154

Substituting Eq. (C.10) in Eq. (C.9), one can write,

X () Xom (¥ sm ( X)
G(x,y;x,y") (C.12)
;; E — &0 — M +in

where, we have set X’ = x, since we are now interested in the sites with same x-coordinate. Because
the lead is infinite in the x-direction, k is continuous and the sum over k can be replaced by an integral
using the common rule,
Y - % / dx
K

then the above Green’s function can be rewritten as,

oo 7 2
sin”(Kx
G(x,y;x,y) Zlm X / (h K)z dx
0 E—¢&uo— +ln

One can easily write,

1-— 2
sin®(kx) = COS(KX)
_ 1 eZin_‘_efZin
2 4
1— e2in 1 _672i1<x
R
Therefore,
, 1 , o 1— e2in
G(x,y;x,y) = EZXm(Y)Xm(y)/ K2 K dx
m 2 E—&n0— 7,
M, , o 1— eZin
= — ———d C.13
Th? ;Xm(y))cmb))/_w K2 — k2 (1+i8) K €13
where,
R-Mep ey and 5= (C.14)
"R " E—Vy .

Using Cauchy’s integral theorem [140] the integral in Eq. (C.13) can be solved. The integrand has
two poles at,

K =tknV 1+i8 = Lk, Since, 0—0.

The pole +k,, lies in the contour x > 0 and other pole —k;, in the contour x < 0. Since the region we

are interested in is positive x-direction, the pole —k;,, does not contribute to the integral. The value of
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the integral (for & — 0) is then given by residue at pole +k,,, i.e,

S 2iKx 1— 2iKx
/ — S dx = 2mi lim —°
o K= — k7, K—+kn K+kp
1— eZikmx
= 2mi———
T
= 2me™*nsin(kyx) (C.15)

Substituting, Eq. (C.15) in Eq. (C.13) we get,

m

Glx,yx)y) = - nhez Y 20 (3) () 2™ sin (Kx) (C.16)
2sin(k,x ;
= Zhi)xm(y)e (¥ (C.17)
Tk
me

To obtain the corresponding Green’s function in matrix form, we can simply replace y,y’ by p;, p; and

x by lattice spacing a, then we get,

R R .
8p — G (xvy7xvy/) |(x:a,y:pi7y’:17j)

2sin (i l.
= _ZWXm(Pi)ekam(pj) (C.18)



Appendix D

Appendix for Chapter 5

In this appendix we will explicitly justify Egs. (5.30) and (5.31).

D.1 Justification of Eq. (5.30)

From Eq. (5.15), we can write

46,
p(3,1) = ——/dr3|t \2 ’3‘ (D.1)
In Eq. (D.1) using the well known semi classical approximation [ dr? 5’% o) = —@ [61], we get, (see
Eq. (5.21))
1 do,
3.1) ~ —l3P—2 D.2
Now, for a contour C’ traced when energy is varied from 0 to Ey,
de,
/ de, = / —BLIE
Cl
e,
_ / |t g
0 ﬁ ‘l31 ’2
Er p(3,1
Using Eq. (D.2) / a6, ~ 2| P ’z)dE (D.3)
c 0o |t
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D.2 Justification of Eq. (5.31)

We know that in a scattering problem increasing incident energy by dE is equivalent to decreasing the
potential globally by a constant amount A€, such that dE = —eAg, where e is electronic charge that
we will set to 1 to simplify our arguments. That is, the new potential is V'(r) = V(r) — Ae. Hence
if we can generate a closed sub-loop in the Argand diagram by varying E, then we can also do so by

globally changing the potential and for such a closed contour like ABQFA in Fig. 5.7(c),

ie —f/ SS“ﬁAsdP:o (D.4)
o ¢ Jglobal 8V (1) '

Now we replace the global integration over r by an integration over the sample or the scattering region
only, since we have seen that it can be done in case of closed contours or inside an integration of the

type ¢ in Eq. (D.4). This has already been discussed with respect to Eqs. (5.28) and (5.29).

2 56,
Therefore - % / [Sap ‘2 P Aedr® = 0
C Jsample |Saﬁ‘ 6V(I’)
1 56,
or, —]{ 72A8/ Isapl® Pard = 0
Clsapl>  Jsampte 6V (r)
o, 2md PP _ 0 UsingEq 5.15)

C ‘saﬁP

Therefore, the R.H.S of Eq. (5.31) is justified if an electronic charge is multiplied to the numerator.



Appendix E

Appendix for Chapter 6

From Eq. (6.18),
Pn({rj0}) = Y agy97 (E.1)
{m}

where,

i 1 i/ ®yg
T= H [(Am’/-]m’/ (kn,rj) "‘Bm’/lvm’/ (knjrj)) <\/277rel(m_l+q%)9/>]

J=1

Introducing centre of mass and relative coordinates, § and {; respectively,
)
==)0, (=6;-¢
N =

and substituting in the above equation, we get,

| oS s
(Am’]-]m; (knjrj) +B,,1;lej. (knjrj)) (\/7€< /(g/+‘§)+¢0(§/+§))>]

2n

N

=1

j=1

In some regime, for example, for parameters corresponding to Figs. 6.5a, 6.7 and 6.8, radial wave

functions are independent of m; So forn; =1,

N o1 YN o Crie YN ol +i 2 YN fi N
© = (Ao (K 73) BN () ) — e o R T L g &)

V2m

Noting that Zyzl m; = M’ and Z]}’:l §; =0, one gets,
N (e
© = (Ang o, (k1) + By No, (k1)) S

| . eMiSi
S M AN éH[< ;(knjrj)+Bm;,Nm;(knjrj))(m)]

j=1
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Therefore from Eq. (E.1), we get,

WM LN -2 N eim;gj
(0= X, agupyo? ST (Ansd ) + B ) (mﬂ

J
Using the fact that when symmetry is broken, M’ commutes with Hamiltonian H (given by Eq.

(6.20)), M’ the eigenvalue corresponding to M’ is a conserved quantity for each sets of {m;}, we

get

Pn({ry,05}) = MV Y Uy
m'-} !
J

im’

ig;

Jj=1
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